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Abstract

Our intention in this thesis is to study one kind
of non-overlapping domain decomposed finite element
method systematically — A Lagrange multiplier based
domain decomposition method with non-matching grids
for time-dependent problem. This method not only
refers to methods defined on a decomposition of do-
main consisting of a collection of mutually disjoint sub-
domains, but also allows discontinuity of the interior
variables across the boundary of the subdomains. We
applied the method to parabolic equation, proposed its
semi-discrete and fully discrete finite element approzi-
mated schemes of Lagrange multiplier based DDM with
non-matching grids, studied their finite element solu-
tions’ existence and uniqueness, and obtained their op-
timal error estimate for H'-norm and L%-norm.

1. Introduction

We consider the following model problem

%‘—Au:f, (z,t) € @ x(0,T],
(z,t) € 90 % (0,T], (1.1)

U(I, 0) = UO(Z), zTE Qa

where 2 C R? is a quasi-uniform polygonal domain
with size d,0() is its boundary with piecewise Lipschitz
smooth,T" > 0 is a constant, f € L?(0,T; L?(R)).
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2. Domain Decomposition and Finite El-
ement Space

We first decompose the domain §) into subdomains
;,and then sub-divide every subdomain §; into finite
elements. We make the following assumption:

Al. Qs a polygonal domain.

A2. 2 is decomposed into quasi-uniform subdo-
mains Q;(7 = 1,2,---,ny4) with size d. It means that
there is a positive constant ¢ independent of d such that
every §1; contains a disk of diameter ¢d and is contained
in a disk of diameter d and every side of {); is greater
than c¢;d,c; independent of d.

A3. Every subdomain 2; is subdivided in the above
sense into quasi-uniform triangular or quadrilateral el-
ements with size h;. Let Q?‘ be the set of all elements

in Q;,Qh = Un"

Denote the vertices of Q; by v;(in some order). T';
is the side of €; with the vertices ; and ;. ' =

ng
U 09;/09.
i=1
We now construct the finite element space.
Let Sp,(£2;) be the space of piecewise m;-th de-
gree continuous polynomials defined on Qf‘ Define

the space S, (2),consisting of piecewise polynomials on
Q" as follows:

Sh() = {f|f is the piecewise m,—th degree
continuous polynomial on Q ‘1.

Notice that the function in Sp(£2) is only continuous in
the interior of every subdomain but may be discontin-
uous on 9¢;.


mailto:spt@midwest.c0m.cn

Let :
Sn(Li) = {f(2)| f(z) is an n-th order
polynomial on I';;},
Sn(@) = {AN)|AIr;; € Su(Tis)},
5,(09%) = {AN)|Ar;; € Sa(lyy), Ty C
o9}
Notice that the function in S, (I') may be discontin-
uous at the vertices of the subdomains.
Define the finite element space by

Shxn = Sa(Q) x Sa(T),
(u,A) € Shxn if and only if (u,A) € Sp(2) x Sp(T).

Obviously,S,(T") = {Al(u, ) € Spxa}
For the parameters h;,d,n, we always assumevthat

O<h;<d,i=1,2,---,ngq,

and 2
fim =g =0

where h = max{h;}.

3. Domain Decomposed Semi-discrete
Finite element Method with non-
matching Grids

3.1. Semi-discrete Finite Element Approxi-
mated Scheme

After we decompose 2 into a set of subdomain
ng
U £, the weak form of (1.1) is:

i=1

To find ( :[0,T] - H() x H~3(T),satisfying

Z{(Uh

=2 (f,v)ai,
Z(uyﬂ')aﬂi = 0’

o, + (Vu VU)Q - (U /\)39 }

V{v,u) € H(Q) x H-3(D),

(3.1)
where H(Q) = HY () & ... ® H (2,,,).
We now construct the semi-discrete finite element

approximate scheme. To find (U, A) : [0,T] = Shxn,
such that
Z{(Ui’ 0+ (VU V'U)Q - (v A)ag }
= Z(f’ v)Qi7
! : (3.2)
Z(Ua N)BQ,‘ = 03
L U(E)O) = ﬁo(m), V(U,}L) S thna

999

where g (z) is defined as following (3.3).

From (1] and Ladyzhenskaya—Babuska—
Brezzi (LBB) condition,it is easy to know finite
element solution of problem (2) is existent and unique.

3.2. Error Estimation

To estimate the error between (3.2) and (3.1), w
introduce a kind of projection about (u, 3), named H ‘
projection, defined by finding (%, A) : [0,T] — Shxn,
such that:

E:{(‘7(a - u),Vv)Q,, + (

Se)on} =0,
V(%M) € Sh)(n-

(3.3)
It follows from [1] that (%, A) is existent and unique.
The error estimation between (u, )\) and (u, “) satisfy
the lemma as follow:
We analyzed the error estimation between (3.2) and
(3.1), and obtain the following theorem

U~ u,v)g,
—(v, A —
Z(a - ua“)c’)ﬂ; = 07

i

Theorem 1 Let h < dm < n,k > 2m,u is
the mathematical solution of problem (1.1), and u €
W20, T; H*1()),i = 1,...,nq, (U, A) is the finite
element solution of (2), then

(E(HU - u“Loo(Lz Q:)) + H(U -
(h +n1d5)2||U — “”iw(m(m))

—193\2 2
Hh+n B IA = By

wellfz(za0.)

)3
S hm(h+n7ldE) - ( Z(“u“u(ymﬂ(g‘-))
+”ut”L2(Hm+1(Q »n Tt ““H

| )Nt

21 + (a0:))

L2(H* 3 (801))

4. Domain Decomposed Full-discrete Fi-
nite element Method with nonmatch-
ing Grids

4.1. Full discrete Finite Element Approxi-
mated Scheme

First of all,we decomposed equally the time domain
[OT]intoNparts O=to<t1 <...<tn=T,7=

tiv1 — ¢ ;g =Jj7. We mtroduce some notations

T
N7

v :v(x7tj)9j =0,1,---,N;



vitE = %(vj+1 +09), 807t = l(v’“rl ~v7),
T
j=01,---,N—1.

The full-discrete approximation for domain decom-
position method with non-matching grids is defined
by the sequence, find ({U7}Ly, {A7}N,) : [0,T) —
Shxn,such that

{

TA@UT*E,v)q, + (VUI*+E, Vo)q,
_1(1,7 Aj+%)aQi}

= ;(fﬂ%,v)m ,
Zi:(Uj“,ﬂ)aQi =0,

UO = a0(:'17)’V(’U7l‘l) e thn’ j = 0>1" "7N - 1 b
(4.1)

\
where % (z) is defined by (3.3).

4.2, Algorithm’s description

1.Guess U? initially, the j step of time = 0, t=0.

2. Given j=j+1,t = t+ 7 until j = N,t =T, we
can compute respective stiffness and vector on each
time step: M;,S;, L; and F;, which is local boundary
stiffness matrix L7 (M;+3S5;)~" L; and local equivalent
load —LT(M; + £S;)"(3)7'F;. The total boundary
stiffness matrix S and the total equivalent load F' can
be obtained by summation over them.

3.Solve SA’T! = F by iteration,where A7*! is the
unknown on the boundary, consisting of A{“,(i =
1, ,ng).

4.Find U*! in (4.4), (i =1,...,n4).

5.Go to the second step and continue the time step’s
iteration.

In implementation, we only need the local bound-
ary stiffness matrix and the local equivalent load since
we solve SAI*! = F by iteration. The algorithm is
suitable to parallel computing.

4.3. Error Estimation

We list out the theorem of error estimate between
(4.1) and (3.1), where we use the H! projection (%, A)
which was based on Lagrange multiplier of DDM and
has been defined in §2. Notations &, 7, ¢, are the same
as that in §2.

Theorem 2 If u;s € L2(0,T; L2(%)),i = 1, ,n4,
({U7 ;y=0,{Aj};y:0) is the finite element solution of

(4.1), then under the conditions of Theorem1, we have

sup {[[UM —uMllo,0
1<M<SN

M1 iy 1 1 1
+r X oUITE — I F2)|G o) 2

3=0
+(h+n7dE) (UM - uM|f g )3

h+n-1d3 = |Aj+% du\j+i2 1

+( n )(T ]E:O 21: - (%) |_%,agi)2}
S {(hm(h+ndY) + 72}{(; Nl 22 gmsry)) 2
'*’(zl:”“”;( )% + (Zi:”“t”%qp]mﬂ(ni)))%

+(3 el )+ (T s 22200} -

L2+ (a0))

"% (80:))
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