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Abstract 

Our intention in this thesis is to study one kind 
of non-overlapping domain decomposed finite element 
method systematically - A Lagrange multiplier based 
domain decomposition method with non-matching grids 
fo r  time-dependent problem. This method not only 
refers to methods defined on a decomposition of do- 
main consisting of a collection of mutually disjoint sub- 
domains, but also allows discontinuity of the interior 
variables across the boundary of the subdomains. We 
applied the method to parabolic equation, proposed its 
semi-discrete and fully discrete finite element approxi- 
mated schemes of Lagrange multiplier based DDM with 
non-matching grids, studied their finite element solu- 
tions’ existence and uniqueness, and obtained their op- 
timal error estimate for H’ -norm and L2-norm. 

1. Introduction 

We consider the following model problem 

2. Domain Decomposition and Finite El- 
ement Space 

We first decompose the domain R into subdomains 
Ri,and then sub-divide every subdomain Ri into finite 
elements. We make the following assumption: 

A l .  
A2. R is decomposed into quasi-uniform subdo- 

mains Ri(i = 1 , 2 , .  . . , n d )  with size d. It means that 
there is a positive constant c independent of d such that 
every Ri contains a disk of diameter cd and is contained 
in a disk of diameter d and every side of Ri is greater 
than cld,c1 independent of d. 

AX Every subdomain Ri is subdivided in the above 
sense into quasi-uniform triangular or quadrilateral el- 
ements with size hi. Let Rfi be the set of all elements 
in R ~ , R ’  = U ahi. 

R is a polygonal domain. 

i 
Denote the vertices of Ri by r j ( in  some order). rij 

l? = is the side of Ri with the vertices -yi and y j .  
n d  

i= 1 
U dRi/dR. 

We now construct the finite element space. 
Let Sh i (R i )  be the space of piecewise mi-th de- 

gree continuous polynomials defined on O f i .  Define 
the space Sh( R) ,consisting of piecewise polynomials on 
R h  ,as follows: 

Sh(R)  = { f l  f is the piecewise mi-th degree 
continuous polynomial on of*). 

where R c R2 is a quasi-uniform polygonal domain 
with size d,dR is its boundary with piecewise Lipschitz 
smooth,T > 0 is a constant, f E L2(0 ,  T ;  L2(R)). 

Notice that the function in S h ( R )  is only continuous in 
the interior of every subdomain but may be discontin- 
uous on dRi. 
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Let 
= {f(x)lf(s) is an n-th order 

polynomial on r%j}, 
S n ( r )  = {A(A)14r,l E s n ( r i j ) > ,  

Sn(do2,) = {A(A)lAlr , J  E S n ( r t j ) , r i j  C 

Notice that the function in &(I?) may be discontin- 
uous at the vertices of the subdomains. 

Define the finite element space by 

ani). 

S h x n  = Sh(0)  x s n ( n  

(u,X) E Shxn if and only if (.,A) E Sh(0)  x Sn(r). 
Obviously,S,(r) = {Al(u, A) E Shxn}.  

For the parameters hi, d, n, we always assume that 

and 
n2h 

lim - = 0, 
h-0 d 

where h = max{hi}. 
2 

3. Domain Decomposed Semi-discrete 
Finite element Method with non- 
matching Grids 

3.1. Semi-discrete Finite Element Approxi- 
mated Scheme 

After we decompose fl into a set of subdomain 
n d  

i=l  
U Szi, the weak form of (1.1) is: 

To find ( U ,  A) : [0, T ]  -+ H ( 0 )  x H-4 (r),satisfying 

C{ (ut7 v)n; + ( V U ,  Vv)n; - (U, 4an ;  1 
= C(f, v)n, 1 

C ( u , d a n ,  = 0, 

i 

i 

V ( v , p )  E H ( Q )  x H - m ,  
i 

(3.1) 

We now construct the semi-discrete finite element 
where H ( 0 )  = H'(R1) @ .  . . @ H 1 ( f l n d ) .  

approximate scheme. To find ( U , A )  : [O,T] + Shxn, 
such that 

1 

where &(x) is defined as following (3.3). 
From [l] and Ladyzhenskaya-Babuika- 

Brezz i  (LBB) condition,it is easy to  know finite 
element solution of problem (2) is existent and unique. 

3.2. Error Estimation 

To estimate the error between (3.2) and (3.1), we 
introduce a kind of projection about ( U ,  e), named H 1  
projection, defined by finding (i3,X) : [O,T] 3 Shxn, 
such that: 

Z{(V(G - U ) ,  Vv)n, + (G - '11, v)n; 

C(G - U ,  4 a n ;  = 07 

I 

- (U1 A - %)an; 1 = 0, 

V ( V , P )  E S h x n .  
i 

(3.3) 
- 

l a  
It follows from [l] that (G,X) is existent and unique. 
The error estimation between ( E ,  A) and ( U ,  e) satisfy 
the lemma as follow: 

We analyzed the error estimation between (3.2) and 
(3.1), and obtain the following theorem 

Theorem 1 Let h < d ,m 5 n , k  2 2m,u is 
the mathematical solution of problem ( l . l ) ,  and U E 
W1y2(0,T; Hk++'(Ri)),Z = 1 , .  . . ,nd, (U,  A) is the finite 
element solution of (2), then 

4. Domain Decomposed Full-discrete Fi- 
nite element Method with nonmatch- 
ing Grids 

4.1. Full discrete Finite Element Approxi- 
mated Scheme 

First of al1,we decomposed equally the time domain 
[O,T] into N parts: 0 = to < t l  < . . . < t N  = T,T = 
t j + l  - t j  = 5 ,  t j  = j r .  We introduce some notations 

vj = w ( X , t j ) , j = o , l , . . . , N ;  
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vj++ = +3+1 + v j ) , a t v j + +  = +3+1 7 - 4, 
j = 0,1;. . ,N - 1. 

The full-discrete approximation for domain decom- 
position method with non-matching grids is defined 
by the sequence, find ( ( U ~ } ~ o , { A ~ } ~ = o )  : [O,T] + 
Shxn,SUCh that 

< 

' C{(&Uj++,V)Q,  + (VUj++,VW)Q, 

= C(jj++,.)Q, , 

i 

- (V,Aj++)aQ;} 

C(Uj+l ,pJaQ,  = 0 1 

i 

i 

~ U' = GO(Z),~/(W, p)  E Shxn, j = 0,1, .  . . , N - 1 , 

4.2. Algorithm's description 

1.Guess U o  initially, the j step of time = 0, t=O. 
2. Given j=j+l,t = t + r until j = N , t  = T ,  we 

can compute respective stiffness and vector on each 
time step: Mi,  Si, Li and Fi, which is local boundary 
stiffness matrix LT(Mi+ ;Si)-1 Li and local equivalent 
load -L?(Mi + $Si ) - ' ($) - lFi .  The total boundary 
stiffness matrix S and the total equivalent load F can 
be obtained by summation over them. 

3.Solve S A j f l  = F by iteratioqwhere Aj+l is the 
unknown on the boundary, consisting of A:+',(i = 
1, . . . , n d ) .  

4.Find Uj+' in (4.4), (i = 1 , .  . . , n d ) .  

5.Go to the second step and continue the time step's 
iteration. 

In implementation, we only need the local bound- 
ary stiffness matrix and the local equivalent load since 
we solve SAj+' = F by iteration. The algorithm is 
suitable to parallel computing. 

4.3. Error Estimation 

We list out the theorem of error estimate betwee_n 
(4.1) and (3.1), where we use the H1 projection (U, A) 
which was based on Lagrange multiplier of DDM and 
has been defined in $2. Notations 5, q ,  <, 8 are the same 
as that in $2. 

Theorem 2 If ut3 E L2(0,T;L2(fii)),i = l,...,nd, 
({Uj}r=o, {Aj}Y=o) is the finite eEement solution of 

( 4 . l ) ,  then under the conditions of Theoreml, we have 
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