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Objective and Motivation

This lecture series will present a sequence of lectures on basic mathematical
principles and methodologies that are extremely important for applied fields,
but require multiple years of training. The training requires a person to
build the fundamentals through a sequence of courses in mathematics which
are built axiomatically (which is excellent from the subject matter point of
view), but which fails to help applied students such as in engineering to
grasp the most important aspects of the theory. This lecture series will cover
topics from real analysis, functional analysis, topology, differential geome-
try, probability theory and stochastic processes etc. where the mathematical
fundamentals are presented in a highly motivated way, and the presentation
of the most important and far reaching theorems are done in a most ap-
plied manner which presents the underlying intuition and applications. The
talks and tutorials will be aimed at upper undergraduates, beginning
graduate students and other interested applied researchers.

Logistics

The lectures will be held in an asynchronous manner but approximately at
the rate of one lecture every two weeks. The lectures will not use slides, but
will be delivered on the board developing the basic principles and motivation
in an interactive way with the audience. Some details of some early lectures
are presented below.
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Sample Lecture Topics

The Three Musketeers: Closedness, Completeness, and

Compactness; The Story of Optimization

This lecture will be on analysis and topology in optimization, and explain
clearly the connection between closedness, completeness, and compactness,
and how those three are inter-related in the context of optimization prob-
lems. Weirstrass theorem will be presented and proven for compact domain
and semicontinuous real valued functions. Then using Rieszs theorem we will
show how the closed unit ball in infinite dimensional space is not compact.
Then we will show how the compactness is regained (Banach-Alaoglu theo-
rem) in the weak topology and how that gives us the extension of the opti-
mization result. We will also cover the projection theorem in Hilbert space to
see the ideas of closedness,completeness, and compactness, all playing their
roles in the final extremely important optimization result for applications
such as least squares and Kalman Filtering.

The Need for Measure Theory, Main Techniques and

Results

The lecture will explain in a very intuitive way how Riemann integral fails in
an essential way, and how we can fix it, and which gives rise to the measure
theory. The main results are explained and the completion of incomplete
function spaces is shown as is needed for the study of dynamical systems.

The Very Essentials of General Topology

The lecture will explain why general topology. It will give examples from
hybrid systems and optimization problems. Then the main constructions are
developed, shown, and main results are explained.

Ito Calculus and Stochastic Differential Equations Fun-

damentals

This lecture will provide in a very short time the mechanics for stochastic
differential equations (after introducing Brownian motion), and show why
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Itos calculus is needed. It will explain how the stochastic integral is created,
and then how Itos chain rule becomes an easy tool to use.

Measure Theory Leading to Kolmogorov Extension The-

orem and Stochastic Processes

This lecture will teach the very fundamentals of measure theory and show
how the basic principles are essential to develop most of the main results in
probability theory and stochastic processes. Emphasis after the introduction
will be given to the Carathoeodory construction and show its importance in
creating stochastic processes.

von Neumann Ergodic Theorem in Hilbert Space

Ergodicity is extremely important in engineering and applied sciences. How-
ever, its study can be difficult because of the mathematical requirements for
its treatment. This lecture will present an easy path to the theorem and
its implications in the Hilbert Space setting. Ergodicity will be introduced
using rotation operators on a circle.

Other Topics

More topics and lectures will be developed on an on-going basis. The pre-
sentation will be informal and background material will be expanded on if
needed depending on the audience.
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