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Section 4.4 —Curve Sketching

A Quick Guideline:

When looking to sketch a function, it is a good idea to start with the function type.
Find the domain.

Find any asymptotes.

Find any limits (if needed).

Find the first and second derivative.

Find any critical points, inflection points.

Determine when it is increasing/decreasing, concave up/down.

See the supplemental to sketching for a more detailed guideline.
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Example. Sketch yz( 1
X_

This is a rational expression. We expect a restricted domain and vertical/horizontal asymptotes.

Domain:

(x—1)>=0 when x=1

Since x = 1 does not make the top go to zero, it is a vertical asymptote.
Roots:

x =0 is aroot. Note (x—l)z‘0 #0

Horizontal Asymptote:

lim
X—>0 (X—l)

> as X gets large, it behaves like 12 = i. So thereisa H.A. at 0.
X X

Evaluating the first derivative:
. (x=1)% —2x(x-1)"
-y
_ -1-x
S (x-D?
o x+1
-Y’

y'=0 when x=-1, undefined when x = 1.

vertical asymptote
Evaluating the second derivative:

s —(x=1)°—(-x-1)3(x-1)°
B (x-1)°

y

_ 2x+4
(x=1)"
There is an inflection point at x = -2

CP-min (-1, -0.25)
So doing a sign diagram we see the basic shape

" =0 +++ +4++ |+ ++

f" -0+ ++ - - -
2 1 |

1

| -1 2
Evaluating y(-1) = 1 =-0.25 and y(-2)= 2-17

We can also evaluate the limit as x tends to 1 from the right and left to verify.
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Example. Sketch y=,——.
X—5
This is a composite of a root and a rational expression.
Domain:
We require what is under the radical to be positive.
= 4+ 0 — u-+
X-5
0 5
We restrict our domainto x<0, x>5.
Asymptotes:
There will be a vertical asymptote at x =5, and lim y = +o.
x—5"
There will be a horizontal asymptote at 1.
Also note that limy=0.
x—0"
First derivative:
y = 1 1 x-5-x
2 [ x (x=5)
X—95 .
_>
2 [x(x-5)
There are critical points at x = 5 and x = 0, but no horizontal tangents.
Notice that the derivative is always negative.
Second derivative:
" _5 -1/2 _3 -5/2 -3/2 _1 -3/2
=—| X" —(Xx=5 +(x=5)""-—X
y'=- ( 5 (X=5)"" +(x=5) 5
_ o> 5-4x
4 /X3 (x-5)°
There could be an inflection pointat 5-4x =0, X :% but it is not in our domain.
Sign diagram and graph: :
f* - —u + + 5
fro - —u - — horizontal E
0 54 5 asymptete | | -
5
CP (0,0) ‘
i vertical
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Example. Sketch y = x(In x)?

Domain:
The function is only defined for x > 0

Limit:
Let’s look at the limit as x tends to zero.
(In x)?

-1

lim x(In x)* = lim
x—0 x=0 X
2(Inx) x™*

=lim 5

x—0 —X

lim =2(Inx)

-1

x—0 X

~ 2lim X
x—0 —1x~

= —2Iing(—x)
=0
First derivative:
y'=2(In x) + (In x)*
=(2+Inx)(Inx)
y'=0 when
2+Inx=0 Inx=0
or
x=e’~0.14 x=1
Second derivative:

y'=(2+In x)1+iln X
X X

:%(2+2In X) max
y"=0 when (0.14, 0.54)
2+2Inx=0

x=e'~0.37

Sign diagram and rough sketch:
fr - — == 0+ + + +

f! tHO T moEs (0,0) \ (1,0) min
0 014 037 1 P

ST e o/ (0.37, 0.37)
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