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Section 3.7 — Indeterminate Forms and L’Hopital’s Rule

Recall Limits:

We were working with limits in Chapters 1 and 2. Recall when we encountered a 0/0 in a rational
expression, we could perhaps “fix” the behavior and analyze the limit by factoring and canceling
terms.

2
Example. Find IimX !
x>l X—=1

x* -1 _lim (x=1)(x+1)

lim
-1 x—1 x—1 X—=1
x—1 1

Now we have an ‘easier’ way... If we are taking the limit and run across 0/0, we can take the
derivative of the top and bottom and try again.

Example above (reworked)
_ XP—1 W 2x
lim = lim—-=
x>l X =1 x-1 1
Note that at the first step we have 0/0.
Differentiating the top (x*—1)' = 2x and differentiating the bottom, (x-1)' =1

We try again and get 2.

2

This is what is known as applying L’Hopital’s Rule.

Indeterminate Forms:

The following forms are ‘indeterminate’ meaning we are not sure what happens and need to
investigate further:

9 x 00 w-oo 0° o 17
0 o

L’Hopitals Rule applies when you have either of the indeterminate forms (9 or fj.
o0

You can use L’Hopitals Rule more than once so long as you still have the indeterminate form above.

. X+2
Example. Evaluate lim ——
x>=2 X +3X+ 2

First note that x+2|_, =0 and x*+3x+2| =0

So we can use L’Hopitals Rule

) X+2 LH 1

|Im2—:|lm

X2 X" 4+3X+2 x>22X+3
-1
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. 1-sinx
e Example. Evaluate lim
X—7l2 CSCX

First note that
1-sinx| =1-1=0
1
cscx| ,=—— =1
- SIn X X=rl2
So we can evaluate this directly (without L’Hopital)
. 1-sinx O
lim =—=0.
x—>7l2  CSC X 1

e Example. Evaluate lim x%*.

X—>—0

lim x> =c0 and lime*=0

X—>—0 X—>—0

So we have the indeterminate form 0- 0.

We rewrite the problem so we have the form we need (0/0)... lim

Then using L’Hopitals Rule (twice) we have

XA 2x
lim = lim
X—>—00 efx X—>—00 _e7X
LH . 2
= [lim
x—-0 @~ %
= lim 2¢e*
X—>—00

e Example. Evaluate Iing(cscx—cot X)
X—>
) . 1 . . 1
limecscx=lim——=o00 and limcotx=Ilim——=o0.
x—0 x=0 §IN X x—0 x—0 tan X
So we have the indeterminate form oo —co.

We then rewrite the problem so we have the form we need

. 1 COS X . [1-cosx
lim| ——-——|=lim| ———
x>0\ sin X Sin X x>0\ sIn X

Note now that we have (1—cosx)|  =1-1=0 and sinx|_, =0. Which is the form we need.

X=

Then using L’Hopitals Rule we have
. (1-cosx ™ . (sinX
lim| ———— |=lim| ——
x>0 sin X x>0\ COS X

0

1
=0
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2x+1
Example. Evaluate Iim( _Sj
x>0\ 2X+5

Notice that Iim(zx_gjzl and lim2x+1=oo.
X—>00 2x+5 X—>0

So we have the indeterminate form 1°.

Note that
2x+1
In(zx_?’j = (2x+1)'ln(2X_3J and
2X+5

2X+5

lim

-0 and Iimln(zx_sjzo.
x=o 2X +1 5

x>0\ 2X+

Using L’Hopitals Rule we find
|n(2x_3J (2x+5)((2x+5)2—(2x—3)2j
LH

2x+5 2x-3 (2x +5)?
oo (2X+1)7TH o —2(2x+1)?
1 16
zlm%(ngqy
- —8(2x +1)?
xo= (2X —3)(2X +5)
~_8
So we have
Iim(zx_gjzmzexp[ln “m(Zx—B)sz
x>o| 2X+5 x>o\ 2X+5

) 2X—3 2x+1
=exp| limIn
x>\ 2X4+5

) 2X—3
=exp| lim(2x+1)In
p(x—m( ) (2x+5D

= 678
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