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Section 3.6 — Hyperbolic Functions

Definitions:

e Recall the trig functions are related to the unit circle x* +y* =1...
{0.1)= (sin pi/2, cos pi/2)

{(-1,0) o {sin p1, cos p1) \ =(sin 0, cos 0)

(0,-1) = (sin]3pi/2. cos 3pi/2)

e Inasimilar way, hyperbolic functions are related to the hyperbolic function x> —y*=1...

N7
N

e They can be expressed in terms of linear combinations of exponential growth and decay.

) g —e™*
e sinhx=

e +e™*

cosh x =

e For the regular trig functions, sine and cosine give rise to tangent, cotangent, secant and cosecant.

e Inasimilar way, hyperbolic sine and hyperbolic cosine give rise to...

tanh x = szx cschx = — L sechx = L coth x = cosh x

cosh x sinh x cosh x sinh X
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Graphs of Hyperbolic Sine and Cosine:
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Properties of Hyperbolic Functions:

. et —e ™ X .
e sinh(-x)= =— =—sinh x
2 2
e +e ™ el e
e cosh(—x) = > == = cosh x

e Q: From our definitions of even and odd, how can we classify sinh and cosh?
A: Sinhis an odd function, cosh is an even function.

e (Q: What can we then say about their symmetry?
A: Sinh is symmetric about the origin, cosh is symmetric about the y axis.

e cosh?x—sinh?x=1

e And the last two properties are:
sinh(x + y) =sinh xcosh y +cosh xsinh y

cosh(x+ y) = cosh x cosh y + sinh xsinh y

Derivatives:
d . d(e—e™ e +e*

e —sinhx=— = =cosh x.
dx dx 2 2

The derivative of sinh is cosh

. dicoshx:i(e € }:e € =sinh x.

X dx 2 2
The derivative of cosh is sinh
. itanh N :i( sinh x j _ cosh x(cosh x) —zsmh X(sinhx) 1 _ sech?x
dx dx \ cosh x cosh® x cosh® x

e Q: Use your understanding of the chain rule and the property that cschx = 1/sinhx to find dicschx.

X
A: icschx:i _1
dx dx sinh x
= (=1)(sinh x)? cosh x
_ —coshx
~ sinh?x

= —coth x-cschx
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e Q: Use your understanding of the property csch x = — 2 -
e —e

A: icschx:i 2
dx dx e* —e™*
=2(-D)(e*—e ) ?(e* +e7)
B e+ 2 '

T et _e¥ef—g
= —coth x-cschx
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to find icschx )
dx

X

e Q: Use your understanding of the chain rule and the property that sechx = 1/coshx to find disechx.

A: isechx = d 1
dx dx cosh x
= (—1)(cosh x) 2(sinh x)
_ —sinhx '
~ cosh? x

= —tanh x-sech x

X

e Q: Use your understanding of the chain rule and the property that cothx = coshx/sinhx to

find icothx )
dx

A: icothx = i Cf)Sh X
dx dx sinh x
_sinh x(sinh x) —cosh x(cosh x)

sinh? x

3 -1
sinh? x
= —csch?x

Inverse Hyperbolic Functions:

e There are functions that ‘undo’ the hyperbolic functions
y=sinh™x < sinhy =x
y=cosh™x < coshy=x y>0
y=tanh™ x < tanhy = x

e Because hyperbolic functions are related to exponentials, their inverses are related to logs

sinh™* x=In(x++x*+1) xeR
cosh™ x=In(x++/x*-1) x>1

tanhlx:iln[H—Xj —1l<x<1
2 1-x
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Let’s try to see why the first equation works...
We want to find the inverse of the function y =sinh x
As we usually proceed to find an inverse, we swap x and y and solve for y
y _e’y

2

Xx=sinhy=
2x=¢’ —¢e”’
2xe’ =e?’ -1
(e¥)* -2x(e’)-1=0

+/4x* - 4(1)(- 21 -
evzzx Ax”— 401 =x++/x*+1 by the quadratic formula.

21)
Soeither €Y =x—+/x*+1. Butx—+/x*+1<0 forall x. This is not valid.

or e =x+VxX’+1 = y=In(x+vx*+1)

We can also differentiate any of the inverse trig functions, these formulas are in your book.
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