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Abstract: In this paper, we study the asymptotic behavior of the number NV (T )
of rational points with exponential height bounded by T on a variety V in the class
of K3 surfaces defined by generic smooth (2, 2, 2) forms in P

1×P
1×P

1. The variety
V admits a group of automorphisms A ∼= Z/2 ∗ Z/2 ∗ Z/2, much the same way the
Markoff equation does. We divide our problem into three parts: (1) we show that if
an orbit A(P ) is contained in a certain Zariski open subset U0 of V , then the number
of points in that orbit with height bounded by T is bounded above and below by
constant multiples of log T ; (2) we describe a region which contains a representative
from each orbit; and (3) we show that the contribution of the points which lie in
orbits not contained in U0 make a negligible contribution (in a sense described by
Manin and Batyrev) to the asymptotic behavior of NV (T ). We review a number
of affine restrictions of (2, 2, 2) forms which appear in the literature (including the
Markoff equation,) and note that none of them is a restriction of a smooth (2, 2, 2)
form. We explain why this is the case, and note that the number of points in certain
orbits on these restrictions is >><< (log T )2, which is different than in the smooth
case.
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Remark: The K3 surfaces being considered are generic surfaces in the family of
K3 surfaces generated by (2, 2, 2) forms in P

1 × P
1 × P

1. If we write the (2, 2, 2)
form as

F (X,Y,Z) = F0(Y,Z)X2
0 + F1(Y,Z)X0X1 + F2(Y,Z)X2

1 ,

then in general, we do not expect there to be a solution (Y,Z) to

(1) F0(Y,Z) = F1(Y,Z) = F2(Y,Z) = 0.

If there is some such solution, then the Picard number for V is at least four. The
generic K3 surface of this type has Picard number three, and Equation 1 cannot be
solved. The similar simultaneous equations in the other two directions cannot be
solved either.

I should have made this clear in the paper, and would have, if I had been aware
of it.

-Arthur Baragar, January 21, 2003
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