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Abstract. Associated to the ample cone for an algebraic K3 surface V/C with
Picard number n is a fractal Λ(V ). This fractal lies on the n − 2 sphere Sn−2

and is the intersection of the closure of the ample cone with the boundary
of the light cone and a hyperplane that intersects the light cone transversely.
In this paper, we show that the Hausdorff dimension for Λ(V ) is equal to
the exponent of growth for orbits of curves under the action of the group of
automorphisms on V/C. We also study this fractal for a few K3 surfaces with
n = 3 and 4.

Let V be an algebraic K3 surface defined over a number field K and with Picard
number n. Let Pic(V ) be its Picard group and let D be an ample divisor in Pic(V ).
The intersection of the hyperplane described by x ·D = 1 in Pic(V ) ⊗ R with the
cone x · x = 0 is an n − 2 dimensional sphere S

n−2. Let Λ(V ) be the intersection
of this sphere S

n−2 with the closure of the ample or Kähler cone (also known as
the nef cone). If V contains no −2 curves, then Λ(V ) = S

n−2. If the group of
automorphisms on V/C is finite (e.g. several of the surfaces called “interesting”
in Nikulin’s paper [N]), then Λ(V ) is a finite number of points. For the cases in
between, Λ(V ) is often a fractal, several of which are represented in the figures of
this paper. Let H.dim(Λ(V )) be the Hausdorff dimension of Λ(V ).

Let A = Aut(V/K) be the group of automorphisms on V and let C be a curve
on V . Let

NC(D, t) = {C ′ ∈ A(C) : C ·D < t}
and define

α(C,D) = lim
t→∞

log(NC(D, t))
log t

,

if the limit exists. The quantity α(C,D) can be thought of as the exponent of the
asymptotic growth of the number of curves in the A-orbit of C with height bounded
by t, where the height is just intersection with D.

The main result of this paper is the following:

Theorem 0.1. Let C be a curve on V/K with positive self intersection. Then for
sufficiently large K, the exponent α(C,D) exists and

α(C,D) = H.dim(Λ(V )).
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1. Background

Let V/K be an algebraic K3 surface defined over a number field K. Let D =
{D1, ...,Dn} be a basis for its Picard group, so

Pic(V ) = {a1D1 + ...+ anDn : ai ∈ Z}.
Let D∗ = {D∗

1 , ...,D
∗
n} be the dual basis, defined by Di ·D∗

j = δij (where δij is the
Kronecker delta symbol). The Picard group is often thought of as a lattice in R

n.
Let J = [Di · Dj ] be the intersection matrix for Pic(V ) over the basis D. Then
the intersection matrix over D∗ is J−1. By the Hodge index theorem, J (and J−1)
has 1 positive eigenvalue and n − 1 negative eigenvalues. Thus, the intersection
product is a Lorentz product and Pic(V ) ⊗ R can also be thought of as a Lorentz
space R

n−1,1.
A divisor E ∈ Pic(V ) is effective if E = a1C1+ ...+amCm where the coefficients

ai are nonnegative integers and the divisors Ci can be represented by curves on
V . Let E be the set of all effective divisors. A divisor D ∈ Pic(V ) ⊗ R is ample if
D ·E > 0 for all E ∈ E . The set K of all ample divisors is the ample cone or Kähler
cone. Its closure is the nef cone.

If D is ample, then so is kD for any positive real k. Hence the ample cone is
indeed a cone. If D and D′ are two ample divisors, then so is µD + (1 − µ)D′ for
any µ ∈ [0, 1], so the ample cone is convex. If a K3 surface admits a −2 curve, then
we have another useful description of the ample cone [G-H-J]:

K = {x ∈ Pic(V )⊗ R : C · x > 0 for all C ∈ E such that C · C = −2}.
The ample cone is therefore bounded by a locally discrete but possibly infinite set
of hyperplanes. If V contains no −2 curves (over the algebraic closure of K), then
K is the same as the light cone L+, where
L+ = {x ∈ Pic(V )⊗R : x ·x > 0 and x ·D > 0 for some (and hence all) ample D}.

The hypersurface x · x = D · D is a (hyper-)hyperboloid of two sheets, one of
which contains D. Let us represent that sheet with H. For two points A and B on
H, let us define |AB| by

D ·D cosh(|AB|) = A ·B.
Equipped with this metric, the surface H becomes a model of (n− 1) dimensional
hyperbolic space H

n−1. Its group of isometries (in the basis D∗) is the group

O+(R) = {T ∈Mn×n(R) : T tJ−1T = J−1, T (H) = H}.
Let σ ∈ A be an automorphism of V/K, and let σ∗ be its push forward (the pull

back of σ−1). The map σ∗ acts linearly on Pic(V ) and preserves the intersection
product, so it has a matrix representation in O+(R). In the basis D∗, this matrix
representation has integer coefficients, so we in fact have σ∗ ∈ O+ = O+(Z), where
O+(Z) is the obvious analog of O+(R). It is also clear that σ∗(K) = K, so let us
define

O′′ = {T ∈ O+ : T (K) = K}.
If C is a divisor with self intersection −2, then by the Riemann-Roch theorem,

exactly one of C or −C is effective. The map

RC(x) = x+ (C · x)C
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is in O+ and is the isometry that reflects through the hyperplane C · x = 0. Since
RC(C) = −C, it is clear that RC /∈ O′′. Let O′ be the subgroup of O+ generated
by all RC where C ranges over C ∈ Pic(V ) with C ·C = −2. Note that TRCT

−1 =
RT (C), so O′ is a normal subgroup of O+. In [PS-S], Pjateckĭi-S̆apiro and S̆afarevic̆
show that for sufficiently large K, the natural map

Φ : A → O′′

σ �→ σ∗
has a finite kernel and co-kernel, and that O′′ ∼= O+/O′.

The group O+ acts discretely on H
n−1 and is an arithmetic group. We can

choose the fundamental domain F of O′′ to be a convex polytope with a finite
number of faces. Without loss of generality, we may assume that F intersects K.
Since K is bounded exclusively by hyper-planes through which some element of
O+ reflects, we may assume that F lies entirely within the closure K̄ of K. Since
O′′(K) = K, it is clear that O′′(F) is a subset of K̄. The two are, in fact, equal, as
is pointed out in [N]. The ample cone is a fundamental domain for O′, and O′′ is
its group of symmetries.

2. Examples

Given an intersection matrix J , let the n eigenvalues of J−1 be −a21, −a22,...,
−a2n−1, a

2
n. Let Q be the matrix that diagonalizes J−1 in such a way that

J−1 = −QtAtJ0AQ,

where A is the diagonal matrix with the ai’s on the diagonal, and J0 is the diagonal
matrix with the first n − 1 diagonal elements equal to 1 and the last equal to −1.
The surface V+ described by ytJ0y = −1 is the usual Lorentz model of H

n−1

(see, for example, [R]). The map y = ±λAQx sends the surface H to V+, where
λ = (D · D)−1/2. The appropriate choice of ± depends on the choice of Q. The
stereographic projection of V+ to the hyperplane yn = 0 and through the point
(0, ..., 0,−1) is an isomorphism of V+ to the Poincaré hyperball model of H

n−1.
The stereographic projection of V+ to the hyperplane yn = 1 and through the

origin gives the Beltrami-Klein hyperball model of H
n−1.

Example 1. Let V be in the class of K3 surfaces studied in [Ba2], which have the
intersection matrix

J =



2 4 1
4 2 0
1 0 −2


 .

The relevant groups of isometries are O+ = 〈T1, T2, T3, R〉 and O′′ = 〈T1, T2, T3〉,
where

T1 =



−1 4 −1
0 1 0
0 0 1


 , T2 =



1 0 0
4 −1 0
1 0 −1


 , T3 =



5 14 −20
4 15 −20
4 14 −19


 ,

and R =



1 0 1
0 1 0
0 0 −1


 .

The maps T1, T3, and R are reflections. The map T2 is rotation by π about the
axis with direction [2, 4, 1]. In Figure 1(a), we project H onto the Poincaré disc
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Figure 1. For the K3 surfaces of Example 1: (a) The fundamen-
tal domain for O+, the region P1P2P7P6; (b) A hyperbolic cross
section of the ample cone; (c) A planar cross section of the ample
cone, which is also the Beltrami-Klein model of the picture in (b).

model of H
2. By first applying an appropriate isometry to H, we send the center

of rotation for T2 to the origin. The map T1 is reflection through the line P1P3;
the map T3 is reflection through the line P1P4; and R is reflection through the line
P6P7. The map T2T3T2 is reflection through the line P2P5. Hence, a fundamental
domain for O+ is the quadrilateral P1P2P7P6. The line P6P7 is the only boundary
of the fundamental domain that lies on the boundary of the ample cone. Thus,
the intersection of H with the ample cone is the interior of the region described by
the orbit of the line P6P7 under the action of O′′. This is shown in Figure 1(b).
The Beltrami-Klein model of the same region is shown in Figure 1(c). This is the
intersection of the ample cone with the plane y3 = 1.

It is difficult to see any character in Figure 1(c), since the straight line segments
that bound the cross section of the ample cone are too small to distinguish from
the boundary of the disc. In Figure 2, these line segments have been extended to
emphasize their presence.

The boundary of the Poincaré disc or Beltrami-Klein disc can be thought of as
a compactification at infinity of H

2. It includes the set Λ(V ), which is the closure
at infinity of the cross section of the ample cone. The set Λ(V ) has a Cantor like
property – every image of the line P6P7 removes a portion of the boundary. By the
main result of this paper, and the main result of [Ba2], this Cantor like set Λ(V )
has Hausdorff dimension H.dim(Λ) which satisfies

.6515 < H.dim(Λ) < .6538.

Example 2. Consider a K3 surface generated by a smooth (2, 2, 2) form in P
1×P

1×
P
1 that has Picard number n = 4 and a −2 curve parallel to one of the copies of

P
1. The class of such K3 surfaces is studied in [Ba4]. Since the Picard number is 4,

a cross section of the ample cone lies within a three dimensional ball. The planes
that bound this cross section cut circles on the surface of the ball S

2, as shown in
Figure 3. The boundary of this ball can be conformally mapped to the plane. Such
a picture is shown in Figure 4(a). As in Example 1, the cross section of the light
cone with a transverse hyperplane and the boundary of the ample cone can also be
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Figure 2. A planar cross section of the ample cone, as in Fig-
ure 1(c), but with the bounding line segments extended. Gaps
between the lines are created both by the portions that are cut off
and the change in slopes at either end.

A

Figure 3. For the K3 surfaces of Example 2: The pattern of
circles cut out by the hyperplanes that bound the ample cone and
on a cross section of the light cone. The point A is the point sent
to infinity in Figure 4.

realized as the Poincaré ball model of a hyperbolic cross section of the ample cone.
Then one can interpret Figure 4(a) as representing the Poincaré upper half space
model for the cross section. The cross section of the ample cone is the region that
lies above the half spheres represented by all the circles. The pattern is continued
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(a) (b)

Figure 4. For the K3 surfaces of Example 2: (a) A hyperbolic
cross section of the ample cone, represented in the Poincaré upper
half space. This is the region above all the half spheres represented
by each circle. The dotted region represents a fundamental domain
for O′′ – the region bounded by the planes represented by the tri-
angle, and above the quarter sphere represented by the half circle.
The pattern extends in the obvious way. Note that the region is
symmetric under inversion in the dotted circle. In (b), we have
a representation of the resulting fractal Λ(V ), which is the set of
points outside all the discs.

in the obvious way. The set of points outside all the discs is the fractal Λ(V ), a
representation of which is shown in Figure 4(b). A couple more representations of
K and Λ(V ) appear in [Ba4].

Example 3. Consider a K3 surface generated by a smooth (2, 2, 2) form in P
1×P

1×
P
1 which has Picard number n = 4 and includes a −2 curve that intersects each of

the tori {0}×P
1×P

1, P
1×{0}×P

1, and P
1×P

1×{0} exactly once. Let D1 be the
divisor class that contains the intersection of V with the torus {0} × P

1 × P
1, and

define D2 and D3 in a similar fashion. Let D4 be the aforementioned −2 curve,
and let D = {D1,D2,D3,D4}. The intersection matrix for D is

J =



0 2 2 1
2 0 2 1
2 2 0 1
1 1 1 −2


 ,

which has discriminant −44. It is not too difficult to check that D is, in fact, a
basis for Pic(V ). Since V contains no lines parallel to the x-axis, a line parallel to
the x-axis intersects the surface V in two points (counting multiplicity), say X and
X ′. Let σ1 be the map that sends X to X ′. Then σ1 is an automorphism of V and
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it is not too difficult to show that, in the basis D∗, σ∗1 = T1 where

T1 =



−1 2 2 0
0 1 0 0
0 0 1 0
0 1 1 −1


 .

We can similarly define T2 and T3. The group O+ also includes the symmetries Si,
where Si switches the elements Dj and Dk for (ijk) a permutation of (123); the
reflection through the plane perpendicular to D4, which is

R =



1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 −1


 ;

and the map

T4 =



1 0 0 0
10 0 −1 4
10 −1 0 4
0 0 0 1


 ,

which was found by trial and error.

Lemma 2.1. The maps Si and T4 are in O′′.

Proof. A map T is in O′′ if TD is ample for some ample divisor D. The divisor
D = D1+D2+D3 is ample, and since SiD = D, we know Si ∈ O′′. It is clear that
D4 is irreducible, and it is not difficult to check that D1 is also irreducible. The
intersections of 2D1 +D4 with its irreducible components D1 and D4 are 1 and 0,
respectively, so 2D1 +D4 is on the boundary of the ample cone. The divisor D1 is
also on the boundary of the ample cone. It is not difficult to check that there are
no −2 curves C such that C ·D1 = C · (2D1 +D4) = 0, so by convexity, the open
segment joining D1 with 2D1 +D4 must lie inside the ample cone. In particular,
D = 3D1+D4 is ample, and since T4(3D1+D4) = 3D1+D4, we know T4 ∈ O′′. �

Theorem 2.2. The group Γ = 〈T1, T4, S1, S2, R〉 has finite index in O+, and Γ′ =
〈T1, S1, S2, T4〉 has finite index in O′′.

Proof. The maps T4, S1, S2, T2S1T2 and R are all reflections. The mirrors through
which they reflect can be represented by circles or lines in the Poincaré upper half
space representation of H

3. Such a representation is shown in Figure 5, with D1

the point at infinity. The map T2 is a rotation by π about the axes D1D2. This
map is also represented with a line in Figure 5. The planes represented by that line
contains the axis of rotation, and maps everything on one side of the plane to the
other side of the plane. The region above the half spheres represented by the circles
and bounded by the planes represented by the rectangle contains a fundamental
domain for Γ. Since this region has finite volume, we know Γ has finite index in
O+. Consequently, the group Γ′ has finite index in O′. �

Let
K′ = {x ∈ Pic(V )⊗ R : x · γD4 > 0 for all γ ∈ Γ′}.

It is clear that K ⊂ K′. If K �= K′, then there exists a −2 curve C that properly
intersects K′. By taking an appropriate σ ∈ O+, we get σC properly intersects
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R

S1

S2

T2 T4

T2S1T2

D2

Figure 5. The fundamental domain for Γ – the region above the
half spheres represented by the two circles, and within the rectan-
gular prism represented by the lines. The various circles and lines
are labelled with the maps that they represent.

the fundamental domain F , and hence intersects at least three of the planes that
bound F . The normals to the planes that bound F can be chosen so that they
are in Pic(V ), so that σC · n ∈ Z for any of these three normals n. The angle
of intersection between the two planes is given by σC · n = |σC||n| cos θ, and in
particular occurs only if | cos θ| ≤ 1. Together with C · C = −2, this gives us only
a finite (though large) set of possibilities, which can be checked with the aid of a
computer. There are no such C, so K = K′.

By considering the image of D4 under the action of Γ′, we get the pattern of
circles produced by K on a cross section of the boundary of the light cone. This is
shown in Figure 6. This pattern can be conformally unwrapped into the plane in
many ways, a couple of which are shown in Figures 7 and 8. In Figure 8, the point
at infinity is D1.

3. The main result

The limit set for the group O′′ is the set Λ(O′′) on S
n−2 that is the closure at

infinity for the orbit of a point x ∈ H
n−1 under the action of O′′. The limit set is

independent of the choice of x.
For a −2 curve C, let BC be the ball in S

n−2 that represents the half space
C · x ≤ 0.

Let us begin by showing that the complement of Λ(V ) is dense. Our proof is
inspired by the figures in this paper. See Kovács [K] for a similar result.

Lemma 3.1. Suppose there exists a −2 curve on V . Then the complement of Λ(V )
on S

n−2 is dense.

Proof. Consider a point on S
n−2 and a ball B that contains it. We note that the

limit set for O+ is all of S
n−2, so given a −2 curve C and an x ∈ L+ such that
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Figure 6. For Example 3, the pattern of circles produced by the
intersection of the planes that bound the ample cone K on a cross
section of the boundary of the light cone.

x · C = 0, we know there exists a σ ∈ O+ such that σ(x) is on the same side as y
of the hyperplane represented by the boundary of B. In particular, BσC ∩ B �= ∅.
Since BσC is contained in the complement of Λ(V ), we find that a portion of the
complement of Λ(V ) is in B. �

Our next result is also inspired by the figures – any point in the complement of
Λ(V ) is covered by at most a finite number of discs that represent the the planes that
bound K. Let us define K−2 to be the set of −2 curves that define the hyperplanes
that bound K.
Lemma 3.2. Let y · y = 0 and

Sy = {C ∈ K−2 : C · y < 0}.
Then |Sy| ≤ 2n + n.

Proof. Let C ′, C ′′ be two elements of Sy. If BC′ ⊂ BC′′ , then the hyperplane
C ′ · x = 0 cannot bound K, so C ′ /∈ Sy, a contradiction. Thus, the hyperplanes
C ′ · x = 0 and C ′′ · x = 0 intersect, so C ′ ·C ′′ = 0 or 1. Let k ≤ n be the dimension
of the space spanned by Sy and let {C1, ..., Ck} ⊂ Sy be a basis for this space.
Suppose X ∈ Sy and X �= Ci for any i. Then Ci · X = δi for i = 1, ..., k where
δi = 0 or 1. Since X is in the k dimensional space spanned by Sy, there is a unique
solution for X for a fixed (δ1, ..., δk). Thus, there are at most 2k ≤ 2n possible
values for X, so |Sy| ≤ 2n + n. �
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(a) (b)

Figure 7. In (a), the pattern in Figure 6 unwrapped into the
plane, and in (b), the fractal Λ(V ) (magnified), which is the set of
points inside the largest disc that are outside all the other discs.
The points/divisors D1, D2, and D3 are at the center of the three
darkest regions in (b).

(a) (b)

Figure 8. The pattern in Figures 6 and 7 conformally unwrapped
into the plane with the point D1 at infinity.

Theorem 3.3. The two sets Λ(V ) and Λ(O′′) differ by at most a countable set. In
particular,

H.dim(Λ(V )) = H.dim(Λ(O′′)).

Proof. Let x ∈ K. Then O′′(x) ⊂ K, so
Λ(O′′) ⊂ Λ(V ).

Conversely, suppose y ∈ Λ(V ) and let B be a ball that contains y. If for all
such B there exists a C ∈ K−2 such that BC ⊂ B, then we claim that y ∈ Λ(O′′).
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Recall that the fundamental domain F for O+ is bounded by a finite number of
hyperplanes. Let C = {C1, ..., Cm} be the set of −2 curves such that Ci · x = 0 is a
bounding hyperplane for F . Then, since O′′(F) = K, we have

K−2 = O′′(C).
Now pick a sequence of balls B centered at y whose radii converge to 0. This se-
quence in turn defines a sequence of balls BC with C ∈ K−2, an infinite subsequence
of which are in the orbit of Ci for some i. Let x ∈ K̄ satisfy Ci · x = 0. Then y is
in the closure at infinity of O′′(x), so y ∈ Λ(O′′).

If there exists a ball B centered at y such that BC �⊂ B for any C ∈ K−2, then
we claim that y is the image of a cuspidal point in the fundamental domain F . Let
B have radius r (in the spherical metric) and let B2 and B3 be the balls centered
at y with radii r/2 and r/3, respectively. Since the complement of Λ(V ) in S

n−2 is
dense, there exist balls BC with C ∈ K−2 such that B3 ∩ BC �= ∅. Since BC �⊂ B,
the radius of BC must be greater than r/3. In particular, the hypervolume of the
region BC ∩ B2 must exceed the hypervolume of a sphere of radius r/12. Since
any point of B2 is covered at most a finite number of times (by Lemma 3.2), there
can be only a finite number of such balls BC . That is, there exists a finite number
of C ∈ K−2 such that BC ∩ B3 �= ∅. Since these balls must cover all of B3 but a
set of measure zero, there can be only a finite number of points in Λ(V ) ∩ B3. In
particular, y is isolated, so must be the image of a cuspidal point in the fundamental
domain. There are only countably many such points, so Λ(V ) and Λ(O′′) differ by
at most a countable set. Since countable sets make no contribution to the Hausdorff
dimension, we have

H.dim(Λ(V )) = H.dim(Λ(O′′)). �

Corollary 3.4. Let C be a curve on V/K with positive self intersection. Then for
sufficiently large K, the exponent α(C,D) exists and

α(C,D) = H.dim(Λ(V )).

Proof. Let Γ be a discrete group of isometries on H
m with a geometrically finite

fundamental domain (the group O′′ has this property). Let

NΓ(x, y,B) = {γ ∈ Γ : cosh(|γ(x)y|) < B},
where |γ(x)y| is the hyperbolic distance from γ(x) to y. Then, by a result due to
Lax and Phillips [L-P],

NΓ(x, y,B) ∼ k(x, y)Bd,

where d = H.dim(Λ(Γ)). Let C be a curve on V with C · C > 0. Note that the
stabilizer of C in O′′ is finite, so by the result of Pjateckĭi-S̆apiro and S̆afarevic̆ ,

NC(D, t) ! {σ ∈ O′′ : cosh |σ(C ′)D′| < B} = NO′′(C ′,D′, B)

where C ′ = C/
√
C · C, D′ = D/

√
D ·D, and B = t/(

√
C · C√D ·D). Thus,

α = lim
t→∞

log(NC(D, t))
log t

= H.dim(Λ(O′′) = H.dim(Λ(V )). �
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4. Closing remarks

Theorem 0.1 refers to curves with positive self intersection. The divisors of such
curves can be thought of as points in H

n−1, so the result due to Lax and Phillips is
applicable. The author’s experience with the calculation of exponents of growth (in,
for example, [Ba2]) suggests that the same result should also be true for curves with
self intersection of 0 or −2. It should be noted that the stabilizer of a curve with
self intersection 0 is infinite, since a point on the boundary of H

n−1 that is fixed
by a translation (either hyperbolic or parabolic) is fixed by the group generated by
that translation. This is why the definition of NC(D, t) counts curves in the orbit
of C, rather than elements of the group Aut(V ), which would be the natural analog
of NΓ(x, y,B).

It is natural to define a vector height on V by

h(P ) =
n∑

i=1

hDi
(P )D∗

i ,

where the hDi
are Weil heights with respect to the divisors Di (see [Ba3]). Then,

for any Weil height hD associated to the divisor D, we have

hD(P ) = h(P ) ·D +O(1)

h(σP ) = σ∗h(P ) + O(1).

If the error term O(1) can some how be controlled (as it was for generic rational
points on the K3 surfaces studied in [Ba1]), then the exponent of growth for the
orbit of a generic rational point should also be H.dim(Λ(V )).
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