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Dear Colleagues,

This is a collection of thoughts that I have had since writing the book
A Survey of Classical and Modern Geometries. These ideas include ways
I might have done things differently, topics I could have included, and
exercises I have since discovered. Some or all of them might be incorporated
into a second edition, if it comes to that.
I would like to thank Georg Gunther, Naoki Sato, and the members of

the ’02 Canadian IMO team, who showed me a number of these problems
and their solutions.
I hope you enjoy these, and find this document a useful supplement.

Arthur Baragar
baragar@nevada.edu





Contents

1 Remarks 1
1.1 Another way to prove Theorem 3.5.1 . . . . . . . . . . . . . 1
1.2 Feuerbach’s Theorem . . . . . . . . . . . . . . . . . . . . . . 2
1.3 A different class of construction problems . . . . . . . . . . 3

2 Exercises 7

3 Hints and Solutions 11
3.1 Hints to Selected Problems . . . . . . . . . . . . . . . . . . 11
3.2 Solutions to Selected Problems . . . . . . . . . . . . . . . . 11

v





Chapter 1

Remarks

1.1 Another way to prove Theorem 3.5.1

There is another way of proving Theorem 3.5.1, which uses the angle bisec-
tor theorem (Exercise 1.43).

Theorem (3.5.1). Let |OA| have length 1, and construct the circle with
center O and radius 1. Let E be the intersection of this circle with the
perpendicular to OA at O. Let B be the midpoint of OE, and let the angle
bisector of ∠ABO intersect OA at C. Then

|OC| = −1 +√
5
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Figure 1.1. Richmond’s construction of the regular pentagon.
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2 Chapter 1. Remarks

Proof. Let |OC| = x (see Figure 1.1). Then, by the angle bisector theorem
(Exercise 1.43),

x

1− x
=
1/2√
5/2

=
1√
5√

5x = 1− x

x =
1

1 +
√
5
=

−1 +√
5

4
.

1.2 Feuerbach’s Theorem

Exercise 1.101, which asks the student to prove Feuerbach’s theorem, is
out of place. At this point, the student does not have all the necessary
background to do this. A remark to that effect would help, for then the
student will realize that the placement of the exercise is informative, rather
than as a serious challenge. The appropriate place for this exercise (as a
challenge) is at the end of Section 7.5, Inversion in Euclidean Geometry.
Even then, it should be made into a series of exercises, as follows.

Exercise 7.113. Let Γ be a circle that passes through B and C of a triangle
∆ABC. Let this circle intersect the proper sides AC and AB at E and F ,
respectively. Let the angle bisector of A intersect BC at P , and EF at Q.
Prove that ∠AQE = ∠APB.

Exercise 7.114. In ∆ABC, let the feet of the altitudes at B and C be E
and F , respectively. Let the angle bisector at A intersect the opposite side
at P . Prove that the line through P that is parallel to EF is tangent to
both the incircle and the excircle opposite A.

Exercise 7.115. Let the incircle of ∆ABC be tangent to BC at R, and
let the excircle opposite A be tangent to BC at S. Let A′ be the midpoint
of BC. Prove that

|A′R| = |A′S| = |b− c|
2

.

Exercise 7.116. In ∆ABC, let D be the base of the altitude at A. Let
the incircle be tangent to the side BC at R, and let P be the intersection
of BC with the angle bisector at A. Let A′ be the midpoint of BC. Prove
that P is the image of D under inversion in the circle centered at A′ with
radius |A′R|.
And finally ...

Exercise 7.117 (Feuerbach’s Theorem). Prove that the nine point cir-
cle of ∆ABC is tangent to the incircle and excircles of ∆ABC.

The solutions to all these exercises appears in the Instructors’ Solution
Manual, under Exercise 1.101.
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1.3 A different class of construction problems

In Chapter 3, I ignored a class of construction problems that deserve to be
treated. The following might be appropriately placed between Sections 3.3
and 3.4, as an optional section.
Some construction problems only require a little ingenuity and a good

understanding of the rules of constructions. For example, consider the
following exercise.

Exercise 3.44. Describe how to construct an isosceles triangle ∆ABC with
equal sides AB and AC, given the length a and the length of the inradius
r.

Solution. Since ∆ABC is isosceles with b = c, we know that the perpendic-
ular bisector of BC is also the angle bisector of A, so both A and I are on
this line. Given the length r, we can precisely locate I and hence, draw the
incircle Γ. The tangents to Γ through B and C are the other two sides of
the triangle, but it is not within our rules of construction to just draw these
– we’ll have to be a little more clever. Suppose the side AB is tangent to Γ
at F . Then ∠IFB is a right angle. Right angles subtend diameters, so to
find F , we construct the circle with diameter IB. The intersection of this
circle with Γ is the point F . The intersection of BF with the perpendicular
bisector of BC is the point A, giving us the third vertex of ∆ABC (see
Figure 1.2).
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4 Chapter 1. Remarks

These exercises also make excellent sketchpad exercises. Sketchpad has
the advantage that it will force the student to carefully observe the rules of
constructions.

Exercise 3.45. Given a circle, construct its center. [S]

Exercise 3.46. Describe how to construct a triangle ∆ABC, given that it
is a right angle triangle with hypotenuse of length c and side of length a
(a < c). [S]

Exercise 3.47. Describe how to construct a right angle triangle ∆ABC
with right angle at C, given the hypotenuse c and the length of its altitude
hC at C. (Of course, hC ≤ c/2.) [S]

Exercise 3.48. Describe how to construct a right angle triangle ∆ABC
with right angle at C, given the angle A (A < π/2) and the length a of the
side opposite A. [S]

Exercise 3.49. Describe how to construct a triangle ∆ABC, given the
length a and the lengths of the altitudes hB and hC at the vertices B and
C, respectively. [S]

Exercise 3.50. Describe how to construct a right angle triangle ∆ABC
with right angle at C, given the angle at A and the length of the sum of
the two short sides. [S]

Exercise 3.51. Given a point P outside a circle Γ, construct the tangents
to Γ that go through the point P . [S]

Exercise 3.52. Given two circles (together with their centers), construct
the lines that are tangent to both circles (there are as many as four). [S]

Exercise 3.53. Given a circle Γ centered at O, a point Q on this circle, a
tangent l to this circle at Q, and a point P on l, construct the circle tangent
to l and Γ that goes through P . [S]

Exercise 3.54. Give an angle ∠BAC and a point P inside this angle,
construct the circles through P that are tangent to both AB and AC. [S]

Exercise 3.55. Suppose we are given a length m, a circle Γ centered at O,
and a point P in Γ. Describe how to construct a chord of Γ through P that
has length m (where m satisfies the appropriate constraints). [S]

Exercise 3.56. Given a triangle ∆ABC, describe how to construct the
square inscribed in ∆ABC that has a side on BC. [H][S]

Exercise 3.57. Given two lines and a circle, construct the circles tangent
to all three. [S]

Some of these construction problems are made easier if a little bit of
algebra is available, so the following exercises might best be placed after
Section 3.4.
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Exercise 3.58. Describe how to construct an isosceles triangle ∆ABC with
b = c, given the length a and the length of the median at B. [S]

Exercise 3.59*. Given two points on the same side of a given line, describe
how to find the circle through these two points and tangent to the line. [S]





Chapter 2

Exercises

Here is a problem that can be solved using the radical center, introduced
in the exercises of Section 1.8 of the text.

Exercise 1.131**. Let H be the orthocenter of an acute triangle ∆ABC.
The tangents from A to the circle with diameter BC touch the circle at P
and Q. Prove that P , Q, and H are collinear. (This was Problem 1 of the
’96 Chinese Math Olympiad.) [S]

This exercise should go at the end of Section 1.10.

Exercise 1.132. Let A, B, and C be the angles of the triangle ∆ABC.
Simplify the expression

T = tan(A/2) tan(B/2) + tan(B/2) tan(C/2) + tan(C/2) tan(A/2).

[H][S]

This exercise should follow Section 1.11.

Exercise 1.133. Let Γ be the circumcircle of ∆ABC. Let D be the mid-
point of the arc BC. Prove that I is on the circle Γ′ that is centered at D
and goes through B. [S]

The following exercises are nothing special. They were created for exams
that I have given.

Exercise 1.134. Suppose ∆ABC is isosceles with b = c, a = 4, and inra-
dius r = 1. What is c? [S]

Exercise 1.135. Let H be the orthocenter of an acute angle triangle
∆ABC. Show that ∠ABH = ∠ACH. [S]

Exercise 1.136. Let O be the circumcenter of ∆ABC. Let AO intersect
BC at D. Suppose |AD| = 6, |BD| = 2, and |DC| = 3. What is sinA? [S]

7
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Exercise 1.137. In a triangle ∆ABC, there is a circle which goes through
A and the centroid G (see Figure 2.1). The point A′ is the midpoint of BC.
A line is drawn through A′ which intersects the circle at Q and Q′ in such
a way that |QQ′| = |AA′|. If |A′Q| = 1, then what is |AA′|? [S]

Exercise 1.138. Let P , Q, and R be points on a circle Γ. Let the tangents
at Q and R intersect at A, let the tangents at P and R intersect at B, and
let the tangents at P and Q intersect at C. Suppose also that C is between
A and Q, and B is between A and R. Finally, suppose |AB| = 7, |AC| = 5,
and |BC| = 4. What is the radius of Γ? [S]

The following exercise also comes from an international mathematics
competition, but it is really easy using inversion (so this exercise would go
well at the end of Section 7.5). I would call that a substantial hint, but the
problem just ‘begs’ to be inverted.

Exercise 7.118. Let P be the intersection of lines l1 and l2. Let Γ1 and
Γ2 be two circles externally tangent at P and both tangent to l1, and let Γ3

and Γ4 be two circles externally tangent at P and both tangent to l2. Let
A be the second intersection of Γ1 and Γ3, B be the second intersection of
Γ1 and Γ4, C be the second intersection of Γ2 and Γ3, and D be the second
intersection of Γ2 and Γ4. Show that the four points A, B, C, and D are
concyclic if and only if l1 and l2 are perpendicular. This was Problem 1 of
the ’97 Austrian-Polish Mathematical Competition. [S]

Here is another inversion problem.

Exercise 7.119. Let two circles Γ1 and Γ2 be internally tangent at P . Let
a line l intersect both circles twice at the points A, B, C, and D, in that
order. Prove that ∠APB = ∠CPD. [S]

The following problem comes from the ’91 Asian Pacific Mathematics
Olympiad, so is difficult, but some of its difficulty is hidden. There is
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nothing to suggest that it’s an inversion problem, so calling it that is quite
a hint. But, one still has to decide what inversion to use.

Exercise 7.120**. Given are two tangent circles and a point P on their
common tangent perpendicular to the lines joining their centers. Construct,
with a ruler and compass, all the circles that are tangent to these two
circles and pass through P . This was Problem 5 on the ’91 Asian Pacific
Mathematical Olympiad. [S]

And now, a couple of more ordinary inversion problems.

Exercise 7.121. Suppose A, B, and O are not collinear. Let A′ and B′

be the images of A and B under inversion in a circle centered at O. Prove
that A, B, A′, and B′ are concyclic. [S]

Exercise 7.122. Let H be the orthocenter of ∆ABC. Let Γ be circle with
diameter BC, and Γ′ the circle with diameter AH. Prove that the image
of Γ′ under inversion in the circle Γ is itself. [S]

Here’s a question for Section 11.2.

Exercise 11.22. Let Γ be the circumcircle of ∆ABC. Let the tangent to
Γ at A intersect BC at D. Similarly, let the tangent at B intersect AC at
E, and let the tangent at C intersect AB at F . Prove that D, E, and F
are collinear. [H][S]

The following exercise would appear in Section 11.5.

Exercise 11.23. Let PQRS be inscribed in a circle. Let the tangents to
the circle at P and Q intersect at P ′. Let the tangents at Q and R intersect
at Q′; the tangents at R and S intersect at R′; and the tangents at S and
P intersect at S′. Prove that the diagonals at of PQRS and P ′Q′R′S′

intersect at the same point. [H][S]

The following result was introduced in Exercise 4.32. It can be proved
using areal coordinates, the subject of Section 11.6.

Exercise 11.24. Find the areal coordinates of the Nagel point (see Exercise
1.126). Use this to show that I, G, and N are collinear (in that order),
with |NG| = 2|IG|. [H][S]

Here’s another areal coordinates question.

Exercise 11.25. Suppose a line intersects a triangle ∆ABC in such a way
that it bisects both the area and perimeter. Prove that this line goes
through the incenter. [S]




