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A B S T R A C T

The heterogeneity of e-commerce users requires online shopping environments to advance from a

simple framework to one that is adaptive. This need results from the negative consequences of user

frustration due to information load. We used a feedback control theory based approach to address the

online consumer information overload issue in an adaptive manner. To demonstrate the efficacy of this

feedback control approach, a design science method evaluated the feedback controller. The main effect

was that the dynamic adaptivity did not have to rely on summarizing data for inference to the individual.

The proposed feedback control design is therefore a robust and viable option for organizations to

incorporate into their online shopping environments to accommodate user variation of information load

for e-commerce adaptivity.
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1. Introduction

We used a feedback control model to maintain a reasonable
consumer information load in the context of online shopping. The
negative impact of increased information overload in such
environments affects consumer emotions and shopping behavior,
as well as decision quality [12]. However, information overload
varies from person to person. To accommodate such variation,
online shopping websites are moving from a simple, single model
to one of adaptivity.

The issue of increased information load remains problematic
as users of online shopping websites search for products and
often receive an overwhelming number of possible product
variations. Information overload occurs when too much infor-
mation is provided, leading to increased frustration and stress.
For example, when attempting to purchase a computer at a
computer e-commerce website, the customer may be presented
with a list of over 900 possible configurations. A large list of
product options requires longer to absorb and can be over-
whelming, leading to buyer frustration and sub-optimal decision
making [9].

Prior research has examined information overload issues in the
context of decision support tools that adapt to the user. Such
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adaptive decision support tools provide search and navigation,
presentation, recommendations, and the use of agents [15,16].
Adaptive search tools improve navigability while adaptive
presentation tools improve content understanding. Recommenda-
tion agents are another means of adapting to the user; they may
provide content links or suggest alternative products.

Although beneficial, these tools have limitations; they require
prior data input from each individual (i.e. answering questions on
his or her preferences). While adaptive tools may relieve the effects
of information overload, they are not a panacea. Furthermore,
information filtering does not consider differences between
individuals. We followed a design science method [4] of building
and evaluating a feedback controller for online shopping websites
as a means to address this issue.

The appeal of feedback control within an e-commerce shopping
environment is that it is adaptable to the individual and does not
require a request for direct user input. The feedback control design
takes into account the user’s online behavior; using it allows the
website to control information load by determining the number of
choices to display to the customer. The design notes the time taken
to decide for the number of choices provided when the user
interacts with the website. Thus, if the first iteration provided too
little choice, then the next set of choices would be larger. In this
way, the information load is maintained essentially constant. It is
beneficial to use dynamic online behavior as an input for
controlling information load, as this takes individual differences
in information processing abilities into consideration.

http://dx.doi.org/10.1016/j.im.2011.09.005
mailto:anjala.krishen@unlv.edu
http://www.sciencedirect.com/science/journal/03787206
http://dx.doi.org/10.1016/j.im.2011.09.005
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We used the design steps of feedback control theory to stabilize
the information load and evaluate the efficacy of the feedback
controller by developing a simulation of the process. The results
showed that the design stabilized information load, and was a
viable method for adapting to individual user needs.

2. Related work

2.1. Adaptive decision support in online shopping environments

From an e-commerce perspective, the goal of adaptivity is to
customize product choice to the individual user’s needs, whereas,
from a user perspective, an e-commerce website that provides too
little or too much information on product choice is likely to be
unacceptable. Lack of information is limiting and can lead to the
risk of a sub-optimal decision, while too much information can
lead to sub-optimal decision making, because the user is
overwhelmed and becomes frustrated. Decision support systems
provide several ways to approach adaptivity in the hope of
providing the right amount of information [5].

Traditional DSS incorporate three components: data, model,
and interface; whereas an adaptive DSS integrates an additional
component within its architecture, adaptation. Dynamic systems
possess the property of adaptive self-modification, whereas all
others are classified as static.

We distinguish the multiple approaches to adaptivity from an
e-commerce perspective by focusing on two general character-
istics: first, ‘‘how past user information is utilized’’ (individual and
aggregate information) and second, ‘‘how the choice set is
presented’’. The first characteristic is for the purpose of providing
the current user with product options, ranging from the aggregate
(using information from previous visitors to the website to adapt to
the current user), to the individual level. The second characteristic
relates to the choice set presented to the user; this ranges from
discrete (that contains a finite number of alternatives) to
continuous. In terms of e-commerce, a user who intends to
purchase a computer may enter ‘computers’ in the search box with
the results showing a choice set of all computers that the e-
commerce vendor has in stock. This discrete choice set is not
adapted in any way to characteristics of the current or previous
user purchases.

Prior research on aggregation approaches, including the use of
recommendation agents (RA), has shown that they are useful in
lowering information load. There are two types of recommenders:
content based (using information from past purchases or
preferences for new recommendations) and collaborative filtering
(based upon user’s ratings of products). The assumption is that
users who give similar ratings on the same products have similar
tastes.

Aggregate customization is another way of using information in
aggregate to create a customized experience for the user. Arora and
Huber [1] used aggregate customization of product choice sets. In
their study, they expected that choice set information from a small
sample of users could be used to create a common customized
design for the average user. In addition, Bucklin and Sismeiro [2]
used web server log files to create models for predicting user
browsing behavior. One drawback of the aggregate models is their
inability to account for individual differences from summary data.

Acknowledging the difficulty of capturing user differences with
aggregate information, some researchers focused on adaptivity at
the individual level. Toubia et al. [14] proposed an alternative
approach for choice sets based on a question-design method. Their
choice set individually adapts to the user based upon previously
answered questions. Other researchers included the use of
algorithms that provided individual adaptivity of user choice sets
as well as an application of optimal control theory to determine the
optimal choice set available to individuals [10].

2.2. Feedback control

For our feedback control solution, we use the real-time online
behavior of the user and do not require specific input. Thus, the
user’s online behavior becomes the system input that determines
the desired output (e.g. number of choices). Utilizing a user’s
online behavior takes into consideration his or her information
processing ability and the differences between individuals
when shopping online. From the perspective of real-time
adaptivity, feedback control is common in engineering, control,
operations, and transportation disciplines. Recent research,
however, has expanded feedback control theory to a larger
number of application areas.

Since uncertainties or disturbances exist within any real
system, the objective of the design is to control the output. For
our purposes, the feedback controller designed for online shopping
environments controls the load by manipulating the number of
choices displayed to the individual. Control systems can either be
open or closed loop. An open loop system does not take into
account real-time information about how the system is perform-
ing. A closed loop system however, incorporates the feedback of
the system output to change the input to obtain the desired output.

Feedback control theory is based on a mathematical model of
the system that is to be controlled. This model is used to develop a
mathematical model that provides the desirable closed loop
properties of the system. A nominal model is created because the
parameters of the model are not precisely known. The mathemati-
cal model, however, is generally robust because of the (negative)
feedback nature of the system.

Performance criteria derived from the fundamentals of control
theory have been developed and used to evaluate the feedback
controller under various information load conditions. The criteria
are stability, settling time, steady state error, and robustness. For
our feedback controller, a stable system means that the informa-
tion load is bounded by having a large enough choice set to satisfy
the number of choices computed by the feedback controller.
Settling time is the time taken to converge to the desired
information load and achieve steady state. Steady state error is
the difference between the desired and the actual information
load. Lastly, the feedback controller performance is evaluated by its
robustness; that it performs well in spite of uncertainties or
disturbances.

One advantage of a feedback control design is that the model of
the system to be controlled does not have to be exact, but it should
contain its essential dynamic features. Any mismatch between the
model and the actual system is normally handled by the
robustness of the feedback controller. The ability of feedback
controllers to handle uncertainty is powerful and useful. Indeed,
even if we do not know the exact model of a system to be controlled
or if the model is complex, it is still worth utilizing a simplified
version of the model.

2.3. Information load

For an online shopping site, a feedback control approach can
adapt to individual differences by noting the individual’s
information load and comparing it to the desired load predeter-
mined by the e-commerce vendor, to control the number of choices
that are sent to the customer. For our purposes, information load
was defined as the number of choices presented over a given
period of time. Individual differences occur, creating varied
thresholds of information load. For example, one person may be
able to review three product options in a minute while someone
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else can only review one. The ability to control the individual’s
information load is thus a way to control individual users and
reduce issues of increased information load (overload). In addition,
by placing the feedback control design at the online shopping
website, the information load is maintained in the context of the
specific products of interest to the consumer. A feedback control
design using the online behavior of the individual’s information
load within each context thus provides a viable means of adapting
to an individual’s needs.

Chen et al. [3] found that experienced online consumers
processed information more efficiently and effectively with less
perceived information load than novice online consumers. In
addition, Huang [6] examined the effect of information load on a
consumer’s behavior through his or her desire to continue
shopping versus her/his desire to avoid the online website and
found that information load affected his or her emotions which, in
turn, influenced the decision to further use the site. Thus, she
suggested that e-tailers should maintain information load at levels
that can stimulate or elicit pleasure.

3. Model development and structure

Fig. 1 shows the steps in designing and evaluating the feedback
controller; the variable being controlled was information load. First,
we developed a simulated e-commerce website. Second, we
designed the feedback controller by analyzing user log data from a
study that employed a price/quality algorithm to determine the
choice set presented to participants per iteration [11]. Subjective
measures of satisfaction, task confidence, attention to choice
stimulus, and frustration were obtained from a survey of our
participants to determine whether the anticipated increased
information load conditions had occurred. Manipulation checks
indicated that increased information load conditions did occur. The
algorithm employed was based on simple feedback heuristics and
did not follow any mathematical modeling that would guarantee
system performance. This algorithm was tested as a proof of
concept to observe the effect of information load-based feedback
on the users. The user log data was analyzed from experimental
data that used a simulated e-commerce shopping environment
Fig. 1. Step-by-step s
within the task of purchasing a computer under various informa-
tion load conditions.

We intended to examine the efficacy of a feedback control
design created to maintain information loads at an individual level.
Analyzing the user log data from a study that simulated an e-
commerce shopping environment was ideal, because the user log
contained data on the time taken over the number of choices
presented per iteration for all participants. Different load condi-
tions were provided in the user log data and it thus gave sufficient
input so that the system dynamics could be estimated from the
corresponding information load.

Once the feedback control law had been developed, the feedback
control model was evaluated. The feedback control model was
intended to maintain the desired set point and reach stability. In our
case, the information load at the individual level was required to be
at a set point that was not too high (where the individual might
encounter information overload) or too low (when the individual
may lose interest). When the feedback controller was found to be
stable, we evaluated the performance for its efficiency (settling
time), accuracy (steady state error), and robustness.

Fig. 2 shows the feedback control block diagram. Information
load was calculated by dividing the number of choices a user was
presented at a given time by how much time the user took to make
a selection from the list. The goal of the controller was to maintain
a desired information load level. Though there are many
disturbances that can affect how many choices a user can process
in a given time, an adequately performing control system is able to
maintain the desired load by controlling the number of choices
presented to the individual. Since low and high levels of
information load have negative effects, a mid-value of information
load was used as a way to evaluate the effectiveness of the
feedback controller. After the information load is known (website
users abandon the shopping cart when the information load is >0.8
or <0.2), the feedback control law calculates how many choices
should be shown in a list to a user based on how much time the
user took to process the previous list.

Feedback control based on the nominal model is generally robust
to uncertainties. We utilize this fact in our design of a feedback
controller for online shopping. The purpose of the nominal model is
tudy procedure.



Fig. 2. Feedback control architecture block diagram.
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to imitate the behavior observed from the user data collected from
the simulated online shopping website. Based on this behavior, our
model structure follows the law of diminishing returns. More
specifically, feedback control designs have been used in traffic
control [7], game theory [8], and vehicle control [13], etc.

Thus, we propose the following nominal model, which most
closely represents the shape of the polynomial when number of
choices, u(t), is plotted against information load x(t) from the user
log data:

dxðtÞ
dt
¼ að1Þ þ að2ÞxðtÞ þ að3ÞuðtÞ

1 þ a2ð4Þu2ðtÞ (1)

Here, x(t) is the information load at time t, and u(t), the input
variable, is the corresponding number of choices. There are four
constants: a(1), a(2), a(3), and a(4). A more physically representa-
tive model would use a discrete event system or a hybrid model
but we believe that an ordinary differential model was adequate
for our design. We also chose the control variable to be real valued
in design, but we used the closest integer value for implementa-
tion. Further details for our model structure are given in
Appendices A and B.

4. Evaluation of the efficacy of the feedback controller

Although online user log data was used to create the feedback
controller, evaluation of the efficacy of the design is needed to
ensure rigor from a design science perspective. Performance
criteria were used to examine the efficacy of the feedback
controller. Thus, our process was iterative. Each step increased
the evaluation rigor of the feedback controller. If it did not perform
as intended, there was no need to continue with the evaluation.
Our evaluation thus consisted of the following iterative steps: first,
we determined how the feedback controller performed using an
iterative nonlinear least squares estimation to establish stability,
efficiency, and accuracy; second, we added a stochastic distur-
bance to evaluate robustness for these same performance criteria;
third, we adjusted the feedback controller to see how well it
performed in stabilizing the system after accounting for bias
adjustments from uncontrolled disturbances (gain); and fourth, we
performed simulations to evaluate the feedback controller under
varied initial information load scenarios.

Our first evaluation of the feedback controller used the model
from which we obtained the parameters using the iterative
nonlinear least squares estimation scheme. This model had the
number of choices shown as the control variable and the
information load as the state variable. For some initial value of
the state variable, the feedback controller was designed to
determine the set of choices to present to the user in the
simulation. The results of the simulations are shown in Fig. 3, Panel
A. The plots in this figure show the evolution of the system when
we applied the control law (Appendix B), which was given in terms
of another variable v(t) which we termed the pseudocontrol.

The pseudocontrol was derived for the desired mid-range rate
of information of 0.5, a value which was arbitrarily chosen to
evaluate our model. We designed for a closed loop system, since
the control law that was applied at any given time depended on the
actual information load of the system that was being measured,
and the input to the system made it evolve towards the desired
information load.

The simulations in the first step of the evaluation process show
how the information load and the pseudocontrol evolved in time
when we used the feedback controller. The simulation results
validated the feedback controller by showing that, after some
transients, a given fixed desired information load (0.5) was tracked
by the system for two different initial conditions of information load.

4.1. Evaluation of the feedback controller with stochastic dynamics

Our second evaluation was to consider how well the feedback
controller performed when the model was converted into a
stochastic model by introducing a stochastic disturbance into the
input. Within the context of an online shopping environment,
these uncontrolled disturbances can be computer, communica-



Fig. 3. Feedback controller simulation results under various conditions.
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tions, or human related. We used a uniformly distributed
disturbance between 0 and 1 with a corresponding gain term.
The stochastic term was used to account for random behavior of
users that can be expected beyond nominal behavior.

The addition of stochastic noise to the dynamics transforms the
ordinary differential equation model of the system into a stochastic
differential equation model:

dXt ¼ að1Þ þ að2ÞXt þ
að3ÞuðtÞ

1 þ a2ð4Þu2ðtÞ

� �
dt þ b dWt (2)

Here, the deterministic state variable has been replaced by its
counterpart, a random process. With stochastic disturbance
included in the simulation, we obtain the information load
tracking for two different initial conditions as shown in Fig. 3,
Panel B. In this condition, we used the same control law but
added noise into the system dynamics (2), and observed that
the closed system performance was encouraging. Here we saw
that the feedback controller responded and maintained a steady
state with the introduction of uncontrolled disturbances. For the
same disturbance, the pseudocontrol is shown on the right at
Panel B.

One difference in the result when we used stochastic dynamics
was that there was a bias in the information load that the system
was able to track. Because uncontrolled disturbances affected the
system and there was not a 1 to 1 linear relationship between the



Table 1
Monte Carlo simulation parameter settings.

Parameters Settings

Initial time 0

Final time 5

Time increment 0.05

Initial information load Low/high

Desired information load 0.5

Simulation runs 50

Plotted runs 5

Table 2
Means (standard deviation) of the simulation results.

Time (t) Information load Mean # of choices

Low condition High condition Low condition High condition

t = 1 .500 (.001) .500 (.001) 1.80 (.535) 1.92 (.601)

t = 2 .500 (.001) .500 (.001) 1.80 (.534) 2.00 (.606)

t = 3 .500 (.014) .500 (.001) 1.82 (.596) 1.92 (.665)

t = 4 .500 (.001) .500 (.001) 1.88 (.594) 1.98 (.589)

t = 5 .500 (.001) .500 (.002) 1.74 (.600) 1.94 (.712)

A.S. Krishen et al. / Information & Management 48 (2011) 344–352 349
actual and the desired information load, an adjustment was
required to tune the controller (its gain bias). By tuning the
feedback controller, it was assumed that the controller would
display stability and exemplify accuracy in order to control and
deal with the uncontrolled disturbances. Understanding the
behavior of this gain bias will help us further adjust the feedback
controller to a steady state mode and stabilize the feedback
controller to our intended information load target.

There are many ways that the control design can be changed
to remedy the problem of steady state error that emerges when
we use stochastic dynamics. One method would be to just
increase the feedback control gain in our formula; for example,
compare the plots in Fig. 3, Panel C with those in Panel D; the
control law used in the closed loop system for Panel C had a gain
equal to five, whereas the one for Panel D had a gain of twenty. It
is clear that the performance improved in this case, as the output
stabilized more rapidly in Panel D. These results show that the
feedback controller can achieve a steady state with the high gain
bias and thus demonstrate a high level of accuracy of the
controller.

Another way to improve the performance is by modifying the
control law to be:

vðtÞ ¼ �½að1Þ þ að2Þðxd � LÞ� � ½að2Þ þ k�½eðtÞ þ L� (3)
Fig. 4. Sensitivity analysis under low an
In this, the term L is added to the control law to counter the bias in
the performance.

4.2. Sensitivity analysis

Finally, we performed simulations to show how the feedback
controller performed under low and high initial information load
conditions. We performed repeated runs of the stochastic system
for both conditions. Because our desired information rate was 0.50
for the feedback controller, the low initial information load
condition was less than 0.50 while the high initial information load
condition was greater than 0.50. The parameters and their
corresponding settings are shown in Table 1.

The results of the simulation for both the low and high
information load conditions indicated that the feedback controller
was performing as intended. Results of the simulation are shown in
Table 2 with plots of five sample runs for both conditions shown in
Fig. 4.

The results from the simulations are encouraging as the overall
performance of the feedback controller maintained the informa-
tion load at the desired reference point of 0.50. Our simulations
imitated the varied nature of online users’ information loads while
interacting with an e-commerce site. Our simulations showed that
the controlled system was stable for multiple input conditions and
d high information rate conditions.
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regulated to our desired reference point. This indicated that our
feedback controller was a means of adapting to the individual and
did not require direct input from the user.

5. Discussion and implications

The feedback control design used a deterministic framework
which modeled the time evolution of the system. We used
feedback control to determine the number of choices and
addressed the problem of information load. We used time
explicitly as a variable in our model because we took a derivative
of information with respect to time.

We used real customer data to obtain the values of the
parameters of our model and to validate it. We derived a feedback
control law that guaranteed a desirable closed loop performance of
the overall system. The control variable, the number of choices to
be presented to the user, was then computed as a simple function
of information rate. Other modeling methodologies have been
employed, but most of them are either designed using heuristics,
common sense approaches, or based on static models with or
without optimization methods. Because our feedback control
model is dynamic, our design is valuable because: (1) the number
of computations to be performed is very small; (2) this number
does not change at every step; and (3) no optimization algorithms
have to be executed at every step. Although we are using a
deterministic model, feedback control provides a solution that is
robust to system uncertainties.

Feedback control allows the system to make decisions in real-
time, based on how the system is actually running. The control action
is not pre-determined, but is a response to how the system is
behaving at that time. As the goal of the feedback controller is to
minimize the error between the desired and the actual information
load, the server checks the amount of time to click (Output) and the
feedback controller calculates the number of choices (Control Input)
to be shown in the subsequent iteration. Hence, the website is
adaptive to the individual and does not need prior information from
the user.

There are several important managerial and theoretical
implications of our research. Overloaded consumers may simply
abandon their transactions and not continue with their purchases.
Maintaining arousal and stimulation levels of consumers as they
peruse websites is important, given the two-dimensional nature of
the transactions [17]. System and information quality manage-
ment is also an important consideration when designing websites.
Our model can help increase the perception of information quality
by modifying the number of choices per user. Finally and most
importantly, we believe that a feedback control design is an
important and fundamental technique to adapt a website to fit the
needs and desires of a user in real-time.

Thus, the implications of our findings are that a properly
executed e-commerce website can potentially mitigate issues
normally experienced with failed transactions.

6. Conclusions

There are two main contributions of this study. First, it
contributes to adaptive e-commerce research. Our approach is
dynamic and does not use responses provided by the individual.

Second, our study focuses on information load as the controller
variable: an increase in information load gives the user too much
information whereas a decrease gives the user too little; hence an
increased information load has negative consequences but too
little information load does not challenge or stimulate the user.
From an e-commerce perspective, consumers are likely to avoid
websites if they incur negative emotional consequences.
However, limitations exist to our study. Log data were used
from students participating in a simulated online shopping
environment for the specific task of purchasing a computer.
Although the use of student subjects is not unusual and it is
expected that students primarily purchase computers for use in
their studies, we measured information load for only one task.

As individuals’ information loads vary, so too may their
stimulation levels. Understanding the interaction of information
overload with decisional commitment can help e-commerce
managers design their websites and analyze their clickstream data.
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Appendix A. Parameter estimation of nominal model

dxðtÞ
dt
¼ að1Þ þ að2ÞxðtÞ þ að3ÞuðtÞ

1 þ a2ð4Þu2ðtÞ (A.1)

Since the nominal model (A.1) is not linearly parameterized, we

use the nonlinear least squares estimator; an iterative scheme, based

on the Taylor series expansion, in terms of the unknown parameters.

We can rewrite (A.1) in terms of the parameters as follows:

Dxða; tÞ ¼ f ða; xðtÞ; uðtÞÞ (A.2)

where Dx(a, t) approximates the term dx/dt, and is equal to
(x(t + dt) � x(t))/dt, and f(a, x(t), u(t)) equals a(1) + a(2)x
(t) + (a(3)u(t)/(1 + a2(4)u2(t))).

The iterative algorithm for the nonlinear least squares starts with

some initial value of the parameters, and then the update is based on

the following equation:

Dxða þ Da; tÞ ¼ f ða; xðtÞ; uðtÞÞ þ Da � f 0ða; xðtÞ; uðtÞÞ (A.3)

The parameter increment equation is obtained from (A.3) above

and is equal to:

Da ¼ ð½ f 0ða; xðtÞÞ�T f 0ða; xðtÞÞ�1½ f 0ða; xðtÞÞ�TðDxða þ Da; tÞ

� f ða; xðtÞ; uðtÞÞÞ (A.4)

Here the first term is obtained as a pseudo inverse if the rank of the
Jacobian is full, otherwise, we can use the SVD (Singular Value
Decomposition) to obtain the correct inverse using the least
squares principle. We continue updating the parameters until the
difference per iteration in (A.4) is minimal. Applying this technique
for the data collected gives a(1) = � 0.0189, a(2) = � 0.3406,
a(3) = 0.0469, and a(4) = 0.0387. The input variable for the system
is the number of choices shown to a user. The steady state value of
the relationship between information load and the number of
choices (our input variable) ultimately depends upon the
parameters a(3) and a(4). If we equate the right hand side of
(A.1) to zero, we get the derivative in the left hand side equal to
zero. This occurs when the system has reached a constant value
and the system stays at that value. We can find the value of this
steady-state output value by solving the following:

að1Þ þ að2Þxss þ
að3Þuss

1 þ a2ð4Þu2
ss

¼ 0 (A.5)

Moving variables gives the xss in terms of uss.

xss ¼
�a1 � ððað3ÞussÞ=ð1 þ a2ð4Þu2

ssÞÞ
a2

(A.6)
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Eq. (A.6) shows how the value of uss affects that of xss and therefore

for some value of uss the value of xss is maximized.

Appendix B. Proposed feedback control

Given the nominal model, the design goal of a feedback control law

attempts to regulate the information load at a prescribed constant

value xd. We want the error value to approach zero over time, where

the error e(t) is defined as e(t) = x(t) � xd.

The error dynamics, as derived from our nominal model (A.1) are

given by:

deðtÞ
dt
¼ ½að1Þ þ að2Þxd� þ að2ÞeðtÞ þ vðtÞ (A.7)

where

vðtÞ ¼ að3ÞuðtÞ
1 þ a2ð4Þu2ðtÞ (A.8)

Consider the following feedback control law that will guarantee

exponential stability of the closed loop dynamic system. The control

law is:

vðtÞ ¼ �½að1Þ þ að2Þxd� � ½að2Þ þ k�eðtÞ (A.9)

Using the relationship (A.8), we can obtain u(t) from the calculated

value of v(t) that would come from the control law (A.9). The

expression we get by performing the inverse manipulation is:

uðtÞ ¼ að3Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð3Þ � 4a2ð4Þv2ðtÞ

p
2a2ð4ÞvðtÞ (A.10)

We require the control variable to be a real number. For that to

occur, the term inside the square root should not be negative. This can

be accomplished if we use the following rule for the variable v(t). We

name this variable pseudocontrol since we will design the control law

by treating this variable as the control variable. After obtaining the

formula for this, we can find the actual control law by applying (A.10)

to the pseudocontrol formula.

vðtÞ 2 � að3Þ
2að4Þ

����
����; að3Þ

2að4Þ

����
����

� �
(A.11)

Since, the value of u(t) cannot be negative because of its physical

meaning (e.g. you cannot have a negative number of choices

presented), we impose the following constraint instead:

vðtÞ 2 0;
að3Þ

2að4Þ

����
����

� �
(A.12)

Because of the new constraint, we modify the control law (A.9) to

the following:

vðtÞ ¼ min maxð0; �½að1Þ þ að2Þxd� � ½að2Þ þ k�eðtÞÞ; að3Þ
2að4Þ

����
����

� �

(A.13)

Eq. (A.10) gives two values for u(t). We use only the following one

when the value of v(t) is close to zero:

uðtÞ ¼
að3Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð3Þ � 4a2ð4ÞvðtÞ2

q
2a2ð4ÞvðtÞ (A.14)

The reason for this becomes clear when we analyze what happens

to the control variable for small values of v(t). In order to do this, we

expand the square root term using Taylor series expansion, in the
numerator of (A.14), retaining only the linear term for small v and

simplify to get:

uðtÞ � CvðtÞ (A.15)

Here, C is a constant. Therefore, limv ! 0u ¼ 0. However, if we had
chosen the control variable with the positive sign, this limit in the
extended real system would be limv ! 0u ¼ 1. If we retain the
negative sign for all v(t), we get a constraint that is unreasonable.
The constraint we obtain is 0 � u(t) � 1. The upper constraint is
problematic, because it requires that we cannot have more than
one choice. This problem no longer exists when we use the positive
sign. Therefore, we use the negative sign when the value of v(t) is
small, and we use the positive sign otherwise. Moreover, in
implementation, since the number of choices should belong to the
set of non-negative whole numbers, we round off the variable u(t)
to its nearest non-negative whole number.
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