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1 Introduction

The internet presents a unique medium through which firms
can identify information about consumers and then react
to it. This two-way interaction has been the subject of much
marketing, information systems, and computing science
research. The interest of such research is ofien placed
on how users and their interactions can be simulated,
in order to assess their goals and tie those goals into their
actual behaviours on internet sites (Chi et al., 2001; Park
and Fader, 2004; Bucklin and Sismeiro, 2003). In our
research, we ask how the internet site itself can adapt to the
users. Many of the large internet vendors, such as
Amazon.com, have demonstrated the viability of gathering
user-specific information and using it to present more
tailored information to consumers. To that end, there has
been some recent interest in making websites responsive to
the dynamic behaviour of users (Chi et al., 2000; Perkowitz
and Etzioni, 1999, 2000). However, there has not been
any framework that uses the mechanisms developed in the
area of feedback control theory. In this paper, we first
present a survey of the various ways web sites are
dynamically changed based on the direct or indirect input
from the users. Then, we follow the description of Krishen
and Nakamoto (2009) of how the steps of feedback control
design can be applied to some types of design for websites.
As an example of using optimal control theory for web
design, we may consider the problem of deciding how many
choices to provide to a user in a choice set. More
specifically, in a computer shopping platform, the main
question is how many different computer configurations
“should be shown to the customers at each stage. Too many
choices could result in an information overload condition,
in which the user is unable and unwilling to sort through.
This leads to a low information processing rate. Not enough
choices would also cause the user to take too much time to
come to his final choice, because despite the fact that for
each pop-up window or page shown to customer the
processing time is low, it takes more time to cover all
available choices. So, the overall information processing
time will be low. The optimal number of choices, though, is
not a constant or fixed number, but instead varies as a
function of time and individual. Information rate, defined as
the number of choices presented divided by the amount of
time taken to make a decision from that choice set, is the
guiding factor for our feedback control model. We propose
the use of optimal control design to model this dynamic
change, using Ordinary Differential Equations (ODEs), and
provide a framework for devising a method of automatically
changing this number based on continuing measurements
of user response on the website. This new model for
web response is based on tests that have been developed
to ascertain the model (Krishen and Nakamoto, 2009).
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2.1 Web feedback control formulations

We can identify two types of web design issues that can be
formulated in terms of feedback control. We classify them
as structural problems and quantitative control problems.
These are defined and explained below:

¢ In structural problems the idea is to make the structure
of the web design adapt to the user based influence.
As a concrete example, we can express a hyperlink
structure of a web design in terms of a directed graph.
Each page is denoted by a node of the graph, and the
hyperlink connections are represented by directed links
on the graph. To represent a richer structure that allows
not only hyperlinks but also the possibility of
dynamically created pages and other features,
we can represent the structure as a Finite State Machine
(FSM). The work done by Perkowitz and Etzioni
(1999, 2000) shows how the structure of the sites can
be made automatically adaptive based on user
access patterns. Hebbian learning has been used to
adaptively structure websites by strengthening links
that are used more frequently. This is based on
mimicking neural based modeling for web adaptation
(Bollen and Heylighen, 1996 and 1998). In their
method, if a user moves from A to B, that link is
strengthened, and due to a symmetry argument,
the reverse link is also strengthened albeit by a smaller
amount. New links can be formed due to the transitivity
argument. We are not following this line of research in
this paper.

¢ In quantitative control problems we attempt to control
some quantitative parameter of the website. As an
example, we might want to control the frequency of
advertising pop-up windows on a page on various visits
by a user of the web site. This is exactly our approach
in this paper.

" Using the above-mentioned discussion we can potentially
§ obtain a customised model with parameters estimated
q per individual (consumer, browser, etc.) based on feedback
{ control design and estimation techniques. This kind of
4 approach has been developed by Krishen and Nakamoto
§ (2009). After obtaining such a model, it would be legitimate
{ to ascertain its practical application. This is the exact
4 purpose of the current paper. We start at a stage where
we assume the system dynamics have been obtained and we

focus on optimal control design for the system. For more

4 details on optimal control theory, see Kirk (1970), Sage and
4 White (1977), Kamien and Schwartz (1981), and Sethi and
{ Thompson (2000). In general, we propose a certain set of
4 objectives that we want to achieve, which are formulated
fas cost
g problems. This class of problems will be formulated as
4 a0 optimal control problem of maximising an objective
4 function subject to certain system dynamics and a set
4 of inequality constraints that our system should satisfy.
4§ This approach is considered in the next section. We start
§ with posing and solving a very simple model, which is

minimisation or performance maximisation
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afterward generalised. Then, we present an example of the
general model and solve it numerically.

3 The model

Suppose that using the feedback control and estimation
method, we have identified the dynamics of our system.
These dynamics should match the actual behaviour
of consumers. There are three important variables
which we will discuss in this section. These variables
are the real information rate, the nominal information rate,
and the number of choices. We have devised an
experimental paradigm to measure the nominal behaviour
of consumers. The dynamics introduced here are completely
compatible with the experimental results obtained in
Krishen and Nakamoto (2009) and thus it is reasonable
to assume that those dynamics are already estimated
and given. Therefore, we move past the system
identification stage.

3.1 The simplest model

In this paper, the main focus is on designing a framework
for finding the optimal number of choices and to achieve
that goal we start with a scalar ODE of the following form
that constitutes our simplest model:

dx . k1u(t)
pr (t) [iL" 20 + (k2)2 J, Yu >0 (D
where x is the real information rate which is defined
as the rate of information processed by a consumer on a
web-based shopping platform, &,k > 0 are constants
(estimated for this specific consumer), and u > Ois the
number of items we decide to show to the consumer at any
point of time (number of options). k,k, are the consumer
specific parameters that are estimated using the suggested
method in Krishen and Nakamoto (2009). In this paper,
we consider A,k as given parameters and our goal is
focused on finding the optimal u. The idea behind
this model is parsimonious: if the total number of choices
is small, the time required to process is low, but the
information processed at any step is very little too, so
the overall real information rate will be small. Otherwise,
if the total number of choices is too large, the time required
to process is extremely high since the consumer gets
overwhelmed, so the overall real information rate will also
be small. Therefore, there exists an optimal number
of choices (somewhere between the above extremes)
that maximises the real rate of information processed
by a consumer. It is important to distinguish between
nominal information rate, () = du/dtand the real
information rate which is processed by a consumer, z(t).
The steady state real information rate, z, , is calculated
by setting the derivative of real information rate to zero:

ku

() =0=1z, = ——.
© " u2+(k2)2

2
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To get some idea of how this steady state changes as
parameters k;, k, , and the control action « change, we have
plotted z,, vs. u for three sets of parameters.

In Figure 1, solid curve represents I, Vvs. U for
k, = Lk, =1, represents z,, vs.u for k =3,k =1
and ‘+’ represents z, vs. u for k = Lk =3. Figure 1
shows an interesting pattern: the peak of steady state x
occurs when u = k.

Let us proceed with a closer look at the same graph in
Figure 2.

At this stage it is just a conjecture. In what follows,
we formally prove that this has to be the case, ie., it is
necessary and sufficient.

Figure 1 Steady state for real information rate as a function
of number of options and model parameters

Steady state for real information rate as a function
of number of options and model parameters (a closer
look)

Figure 2

Our problem is that given dynamics (1), we want to
maximise the rate of information processed by the
consumer. Thus, we formulate the problem as follows.

i

MaxJ = fa;(t)dt subject to:
0

k
%f—:x'(t):—[z: 1

- m], Yu >0 and ZE(O) = I()'

(€))

A

Clearly, using the familiar notation used in the literature and the optima
assuming that #, =0 and ¢, is fixed, solution (b
’ need to use

dz . ku ky >0, w
P a(t) = *[fc T+ kP J = a(t) and @ no need to
for a given

g(z,u.t) = g(z) = 2(t). general fo1
The Hamiltonian is: admissible
real infor

H(w, p,u) = g(z) + p(t)al?) fork, =5
() =k

ku(t) u (t) =k

= z(t) — p(t)[m(t) - —1————] 5 other valu

wF(t) + (k) OF and w)

optimal so

The variational approach leads to the following equations

that are the necessary conditions for an extremal: .
Figure 3

i) = -T2 _ 1y ®

i) = g2 = [m(t) T (t’;ﬁ(t()k? )2) " l
If

w*(t) =k, then =z, = ?{%«;2_)7 — :—];2 )

One can verify the above result by looking at Figures I
and 2. For example for k = Lk, = 1(the solid linc)
x5 =k, /2k, = 0.5. Sincez,, = ku/(u® + (ky)?), one
could find the control action that maximises the steady state
information rate as follows:

1 Figure 4
(solid line

2 2
_d_mss _d . kyu =k (ky)” —u —=0 Figure 4
du du u” + (k) [u? + (k)]
= u(t) = k,. (10

By checking the second order condition we can see if this is
a maximum (<0) or minimum (>0):
d? d . (k) —u — 4k, (k,)*u

— 1, = —k 5 = - .
du® du 1[u2+(k2)2} [u2+(k2)2]3 <0

(11

So, u(t) = k, maximises the steady state real information
rate. Also, if a(t) and g(t) are both concave, the necessary
conditions for a maximum are sufficient, too (Kamien and
Schwartz, 1981, pp.122, 123). Since g(t) is linear, it is both
concave and convex and so we only need to check if a(t) is
concave. Indeed, a(t) is linear in z and concave in u, and
this means u(t) = k, is the maximiser of the objective
function (see the Appendix and also note that second
derivative of the second term of system dynamics (1) with
respect to u is negative).

This result matches the result we had based on the effect
of u on the steady state x. Since there is a closed form for

Similar
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the optimal controller, which incidentally is an open loop
solution (because it is not a function of state), there is no
need to use any numerical technique. Also, by assuming that
k, > 0, we know that u * (t) = k, > 0. Hence, there is
no need to apply any non-negativity constraint on z(z). Also,
for a given u(¢) the ODE above is a linear one. We know the
general form of the solution (exponential) and therefore, for
admissible initial state, we get the admissible state (positive
real information rate). We have simulated the model
fork, = 5,k, = 5,1, = 0.1, with the optimal control
w () = ky = 5 (solid line in Figure 3), together with two
other values for u, namely w,(t) = 7 (with “*’ in Figure 3),
and w;(t) = 3 (with *> in Figure 3). It clearly shows the
optimal solution is given by u'(t) = ky = 5.

The system response to constant u at different levels
ofu

Figure 3

e

i o b kR ok bk
- *********

/:,,* B L R R R R R
.
.

.t

Figure 4 shows the same fact but uses a wide range for u
(solid line for the optimal, *.” for u > 5, and “+° for u < 5):

Figure 4

The system response to constant u for a wide range
of u’s
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Similar graphs can be generated for different initial
conditions that we have not reported here.
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3.2 The general model

Now, we generalise our model to the case of maximising
a given function of the real information rate (z,) at the
same time as minimising a function of the rate of change
of the number of options (v = u). In general, changing
the number of options is not desirable so we are adding
a second term to our objective function to incorporate
this goal. In addition, we assume that the real information
rate (z,) is greater than a items per period (z, > a).
In addition to our primary task of the simple model, now
we want to make it possible to use the numerical technique
of variation of extremals to solve the two-point boundary
value problem. In the current problem, the control variable
(here, it meansv) should be calculated as a function
of states and co-states, i.e., v(¢)=r(x(t), p(¢),f). We
maximise the new performance measure, J:
t

MMJ:L%mmm+ﬂmmﬁ (12)
subject to the system dynamics (13). Further, we assume
that f is well-defined on its domain,' f'(v) < Oand f’
is invertible. Also, we assume that h(.) and f(.) are
defined so that the necessary conditions are also sufficient
conditions. The idea behind this objective function
is exactly the same as the previous one with some
computational considerations in mind. We want to calculate
v(?) as a function of x(7) and p(f) so that we can create
the solution of this two-point boundary value problem
using a numerical technique like variation of extremals.
This aspect facilitates obtaining a numerical solution.
The system dynamics are given below:

kyz, (1)

G o

(1) = oft) (13)
(1) = ~(w,(t) — a?U(=2,(t) + a)
where
0 z,>a
U(—=x a) =
(-, +a) L oy (14)

is the unit Heaviside step function. By adding z; as a state
variable, we are imposing a condition that the number
of options is greater than or equal to a (z, > a). See Kirk
(1970, pp.237-240) for a detailed discussion about this
method. Moreover, for applying a non-negativity constraint
on the number of options shown to the customer, let o = 0.
The initial conditions are

T (t)) = 2, T(ty) = a, z,(t,) = 0. (15)

In addition, we must have z;(t;) = 0. Define Hamiltonian
function as:
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H(z, p,v) = bz, (1)) + f(u(t))

T k1x2 (t)
pl(t) l(t) g(t) (k2)2
+ py(B)(E) — py() (2, (1) — @)’ U(=2,(t) + a).

(16)

Using this function by applying the necessary conditions
for the optimal control, we will get the following
Hamiltonian dynamics besides the system dynamics (13):

o= -2 ) = @) a0 D
k) - @)
PO = =m0 [m(t + () F]

+2p;(t)(a?2(t) ) ( mz(t)+a)

2p, ()0 — PSa) +a)  (8)

where &(.) is the Dirac’s delta function with the
fundamental property that for any small ¢ > 0, we have:

[ f@)o(e = a)de = f(a)

a—€

(19)

Note that the term with §(.) is zero distribution, because
8(.) is always zero but at 7, = aand when 8(.) is
nonzero, (2»(t) —a) is zero. For a reference, see the
footnote on page 240, Kirk (1970). Hence, equation (18) can
be simplified as,

. (k) — (z,(t))?
p) t) = _kl 1(t 2
Pl g )l[@?(t»? (k)] ]

+ 2, (1) (m, (1) — @)U(=1,(t) + a). (20)

Finally,
py(t) = 0.

Initial and final conditions are given in equation (15) and:

@1

p1(tf) = pQ(tf) = ng(tf) =0 (22)
Also, we need to have
M) 00D )~ )= 0
(23)

Assuming that f’is invertible one can solve for v and
calculate v(t) as a function of py(t). Let us name the
inverse function w . Hence,

w(t) = w(p,).”

This will help us yield the state dynamics (13) (noting that
given equation (24) we havei,(t) = w(py)) and co-state
dynamics (17), (20) and (21). Moreover, initial and final
conditions are given in equations (15) and (22).

(24)

The above formulation is known as a nonlinear |

two-point boundary value problem that can be solved
numerically.

the optimal control numerically for a given functional form }

h(z;) and f(v). Also, in choosing these functional fom
one should check for the sufficient condition introduced i in §
Theorem 2.1 in Sethi and Thompson (2000).

3.3 An example for the general model

One can use the variation of extremals |

Appl.

Conseque

Hiz,p,v) =

4
i

described in Kirk (1970) to solve this problem and compute #§

change in control action, as well as maximising the |

information rate processed by the customers. In that case,
we want to treat u(f) as a state variable. This changes the
order of the original system given in equation (1) from one
to two. Thus, our model changes to:

e (zgo<—255?$%%55y V>0
day(t) .
£,(8) = u(t) = "2 = iy (t) = ilt) = v(0)
23)
We can rewrite the system dynamics as follows

where 4(t) = o(t) is the new control action (in other words, 1

we are adding an integrator to the system):

k.
&, (t) = a,(t) = —[xl(t) _ o 1Ty ()

2,(0) + (k) (6)
i, (1) = ay(t) = v(t)

The above system is the same as our general model

B!

E  So, our mods

. i following n
Now, let us consider an example of the above generd $& owing ne

model. Assume that we are interested in minimising the

i)l(t) = -

f’Q (t) ==

dH(z
6

From the eq

pl(t) = ¢

' where p,(0)

mlty) =1

Y which leads

Suppose that we want to maximise performance function, J: |

4 2
MaxJ = [7(2,(t) — v*()dt @)
so, h(z) = z; and f(v) = —v? in this example.

The idea here is to minimise the rate of change of 1,
(note that z,(t) = u(t) so, v(t) is the nominal information
rate), when maximising the real information rate processed
by a customer, i.e.,
negative quadratic form —v2(t) in the objective function.
The negative sign is there to make sure we are minimising
since maximising the negative of a variable is equivalent to
minimising that variable. The term v2(t) guarantees that we
can approach the desired number of options (and therefore
information rate) from below or above, recalling that v(t) is
the change in the number of options which can be positive,
negative, or zero. Initial conditions are:

Ty

L (8)

z(0) = z, =

and note that g(x,v) =x,(t) - vi(1).

z,(t) . That is why we have chosen a .
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Consequently, we can write:
H(z, p,v) = g(z,0) + py(t)a, () + py(t)ay(t)

=z,(t) - VA (t) — ki p, (t)z,(t)

P (), (8) + m;)—?
+p, (t)o(?).
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So, our model is consisting of equations (26) as well as the
following necessary conditions:

_ _OH(z,p,u)

1

a0 = -T2 = ) (30)
. _ _ OH(z, p,u) _ i (k) — (, (1)) }
L pQ(t) 83:2 l(t) 1 l[(% (0)2 + (kQ )2 }2
(1)
dH(x, p,u)

0= ==t = —2u(t) + py(1) = py(t) = 20(t). (32)

From the equation (30) we conclude that:

{

p(t) = e hp, — by 1 (33)
where p;(0) = pyy. Using the final condition on p, (),

nlty) =0 = pilty) =" “py—e" " +1=0 (34
which leads to

etr—to <pm _ 1) +1=0= ’plo — —eh 7t 4 1’. (35)

Substitute Pio in pl(t>

pt)y=e"h (vl 1) —e"h 1 =1-¢"Y. (36)

« From equations (31) and (36) we get:
(kQ )2 B
[EXO)EERC

Using equation (26) and differentiating equation (32) with
{ respect to time:

py(t) = 20(t) = 2 (t) = p,(t) = 2, (t).

?ﬂt)=:—kﬁl—-é”)[ (37

(38)

i Now, substituting equation (38) in equation (37) leads to the
1 following second order ODE that can be solved numerically
given the initial conditions,

.. k1 t—t (k2)2 - (3‘2(t))2
Iy (t) = ——=(1—¢€"4 ; 2
“ > ){[(’g(t))z + (k)]

| Asuming o) = w(), 5,0 = 1/2p,00) = ()
=y,(1), =z,(t) =y,(t), p()=y,(t),, and we have
simulated the following system of equations in MATLAB®
{ (given the above-mentioned initial and final conditions):

l (39)
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5 (E) = v, (1)
kO k) - @)
%mz_lg[m£W+@f”. )
%m_“PN*Xm£?g@”
(0 = ~1+3,0
In the above formulation, we have not imposed

a non-negativity constraint. However, from the simulation
results, we will see that the constraint was satisfied,
without enforcing it, ie., states remain non-negative.
In order to perform our simulation, we had to solve the
above two-point boundary value problem numerically.
Using the function ‘bvpdc’ in MATLAB®, we have
completed the simulation. See Shampine et al. (2003) for a
tutorial on how to use ‘bvp4c’. For a detailed description of
the ‘bvpde’ function, its arguments, and outputs consult
MATLAB" reference and user guide which is also available
online (see documentation for MathWorks products,
R2008b). We have performed the simulation for a range of
parameters including the ones that we used in our
simulation for the first model (Figures 1-—4).

We are not reporting the simulation results for all these
simulations here. Figure 5 shows the simulation results for a
new set of parameters, initial and final conditions. The most
interesting observation here is that the optimal number
of options in the steady state is still equal to %, . Moreover,
the steady state real information rate processed by
customers is k, /2k,. These values are consistent with the
results of our first model.

Figure5 Simulation results for: k, = Lk, = 5,¢, = 0,
tf = 100, U(O) =1, 131(0) =0, pl(lm) =0

(see online version for colours)
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4 Conclusion

In this paper, we have presented a description of how the
steps of feedback control design and optimal control theory
can be applied to the dynamic design of websites. We did so
by making the number of options shown to a consumer a
control variable that depends on how many items per period
is processed by that individual. Internet shopping platforms
can adopt this framework to adjust their website design
with consumers’ ability of processing information. We
considered a performance measure that maximises the real
information rate as a state variable and at the same time
minimises the rate of change in number of options available
to the consumer. We used a creative form of system
dynamics for the real information rate and applied the
optimal control theory to find the optimal number of options
that should be shown to the consumer. We obtained the
necessary conditions for the optimal control for a class
of objective functions. We showed that the resulting
nonlinear two-point boundary value problem can be solved
numerically using the method of variation of extremals.
We ran simulations for some given sets of model parameters
and observed that our results are consistent with the
predictions of our simplest model. For future work,
we plan to integrate the estimation of consumer specific
parameters and determination of optimal control. This
makes the online optimal adaptation of dynamic websites
possible.
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’To pursue the numerical technique (variation of extremal) we
shall have v(¢) = r(x(¢), p(?),1). Writing dH = (z,p,v)/0v = 0
and the use of Implicit Function Theorem becomes the primary
method to achieve this goal. However, in our formulation having
an invertible f is sufficient.

Appendix
Lemma 1: h(z,u) = f(z) + g(u) is concave if f(x) and
g(u) are concave.

Proof:  Since
any 0<r<1:

Jf(x)and g(u)are both concave, for

fltz, + (1—=t)z,) > tf(z) + (1 — t)f(=,)

g(tu, + (1 —t)uy) > tg(u) + (1 - t)g(u,)
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add the last two inequalities to get:
flte, + A=ty )+ g(tu, + (1—1)u,)
> tf(z;) + (1~ )f(z,) + tg(u) + (1 — t)g(w,).
This leads to:
[f(tz) + (1 =t)zy ) + g(tu, + (1 — t)u,)]
> [tf(z)) + tg(u)] + [(1 = O)f(z,) + (1= t)g(u,)]-
Hence,
h([tz, + (1= t)a, ), [tu, + (1— t)u,])
> th(z,,u) + (1 — Oh(z,, ).

This means that A(z,u) is concave. Q.E.D.



